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In classical thermodynamics, heat cannot spontaneously pass from a colder system to a hotter
system, which is called the thermodynamic arrow of time. However, if the initial states are entan-
gled, the direction of the thermodynamic arrow of time may not be guaranteed. Here we take the
thermofield double state at 0 + 1 dimension as the initial state and assume its gravity duality to be
the eternal black hole in AdS2 space. We make the temperature difference between the two sides by
changing the Hamiltonian. We turn on proper interaction between the two sides and calculate the
changes in energy and entropy. The energy transfer, as well as the thermodynamic arrow of time,
are mainly determined by the competition between two channels: thermal diffusion and anomalous
heat flow. The former is not related to the wormhole and obeys the thermodynamic arrow of time;
the latter is related to the wormhole and reverses the thermodynamic arrow of time, i.e. transfer
energy from the colder side to the hotter side at the cost of entanglement consumption. Finally, we
find that the thermal diffusion wins the competition, and the whole thermodynamic arrow of time
has not been reversed.
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1. INTRODUCTION
As the experimental advances in the last two decades, it is possible to prepare and control the system with an in-
creasing number of atoms, whose scale stretches across the gap between macroscopic thermodynamic and microcosmic
quantum mechanics. Taking the former two theories as cornerstones, quantum thermodynamic tries to extend the
framework of thermodynamic to finite size quantum system, non-equilibrium dynamics, strong coupling, and quantum
information process [1].
The laws of thermodynamics constrain the evolution of a system coupled to heat baths. The second law can be
derived when the initial correlation between the system and its heat baths is absent [2]. The correlation generated
during the interaction between the system and the heat baths leads to non-negative entropy production. The thermo-
dynamic arrow of time also plays a crucial role in the second law of thermodynamics, which refers to the phenomenon
that heat will spontaneously pass from a hotter system to a colder system. Similarly, it can be derived if the two
systems are uncorrelated initially [3].
The author in Ref. [3] argued that the second law, as well as the thermodynamic arrow of time, are emergent
phenomena in the low entropy and low correlation environment. Furthermore, for the two systems with different
temperatures and initial correlation, the thermodynamic arrow of time can be reversed for some proper interactions:
heat pass from colder system to hotter system by consuming their correlation [3, 4], which is called anomalous heat
flow, as illustrated in Fig. 1. The authors in Ref. [5] discussed the conditions for its presence. Such a phenomenon
was observed in the experiment on two initially correlated spins [6] and quantum computer [7]. The reversion of the
thermodynamic arrow of time may conflict with the original second law and urges a generalized second law in the
presence of correlations [8].
It traces back to the relationship between work and correlation [9]. By acting unitary transformation on a state,
one can lower down its energy and extract work. A state from which no work can be extracted is called passive,
including all thermal states [10]. While, work can be extracted from the correlation between two systems, where each
system is locally in a thermal state with the same temperature [11]. The anomalous heat flow is a refrigeration driven
by the work stored in correlations [8]. Furthermore, the authors in Refs. [8, 12, 13] discussed the generalizations of
the second law in the presence of correlation.
Similar issues have been being studied in gravity since two decades ago as well, while the famous AdS/CFT
correspondence was discovered. The AdS/CFT correspondence is a realization of the holography principle, proposed
by L. Susskind according to the surface law of black hole entropy. It conjectures that the degree of freedom of a
gravitational system can be mapped to its boundary [19]. Furthermore, the AdS/CFT correspondence offers the
dictionary between the quantum gravity in asymptotic Anti-de Sitter (AdS) space and the conformal field theory
(CFT) on its boundary [20]. Notably, a large AdS-Schwarzschild black hole is dual to the CFT at finite temperature.
The correspondence reveals that black hole thermodynamics is not only an analogy of the classical thermodynamic
but also an equivalent description.
Another significant development in the AdS/CFT correspondence is the Ryu-Takayanagi (RT) formula, which
conjectures that the von Neumann entropy of a subregion on the boundary is proportional to the area of the minimal
homological surface in the bulk [21]. Furthermore, the black hole entropy is interpreted as the entanglement entropy
between the two field theories on the boundaries of the maximal extension of the black hole, where is a wormhole
connecting them.
The AdS/CFT correspondence also sheds light on the black hole information problem by utilizing the unitary of the
dual boundary theory [22, 23]. Before the proposal of the AdS/CFT correspondence, D. Page embedded unitary in
the process of black hole evaporation and study the entanglement between the remainder black hole and its Hawking
radiation [24, 25]. Motivated by the Hartle-Hawking-Israel state [26] and the black hole complementarity [27], J.
Maldacena conjectured that the eternal black hole is described by the thermo-field-double (TFD) state and try to
resolve a part of information loss paradox [28]. Motivated by the RT formula, M. Van Raamsdonk conjectured the
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FIG. 1. Anomalous heat flow.
correspondence between geometry and entanglement [29]. To resolve the firewall paradox [30], J. Maldacena and
L. Susskind applied the idea to general entangled states and raised the ER=EPR conjecture where ER refers to
Einstein-Roson bridge, and EPR refers to EPR pair, i.e. quantum entanglement [31].
The connection between the TFD state and the eternal black hole helps us to understand the complicated dynamics
of boundary field theory from the gravity side. Quantum chaos, which diagonalized by out-of-time-order correlators
(OTOCs), can be understood from the shock wave on black holes [32, 33]. The teleportation protocol or Hayden-
Preskill protocol corresponds to constructing a traversable wormhole in an eternal black hole [34–41]. To make the
wormhole traversable, one should turn on proper interactions between the two sides of the eternal black hole, where
the interactions are equivalent to the measurements in the teleportation protocol. The evolution of the bi-systems
with interactions and entanglement is an object of research in quantum thermodynamic.
We raise the following questions in the intersection between quantum thermodynamics and the AdS/CFT corre-
spondence.
• Does anomalous heat flow exist in the systems which have holographic duality?
• If yes, will it challenge the law of black hole thermodynamic?
In previous works, anomalous heat flow was realized in weakly coupled or weakly chaotic systems. In this paper, we
try to find a similar phenomenon in strongly coupled systems based on AdS2/CFT1 correspondence and ER=EPR
conjecture. In Section 2, we review the relation between correlation and anomalous heat flow. In Section 3, we prepare
a TFD state and the dual eternal black hole in Jackiw-Teitelboim (JT) gravity with different temperatures on each
side. In Section 4, we show that work can be extracted from the wormhole. In Section 5, with proper interaction,
we find two channels which mainly contribute to the energy transfer: the thermal diffusion via the boundary and the
anomalous heat flow via the wormhole in the eternal black hole. The former is numerically larger than the latter. So
the total thermodynamic arrow of time has not been reversed. In Section 6, we study the concomitant consumption
of entanglement. Although we focus on the eternal black hole in the main text, in appendixes, similar issues are
investigated for a product state in JT gravity and a TFD/product state in the Sachdev-Ye-Kitaev (SYK) model for
comparison.
2. ENERGY TRANSFER WITH CORRELATION
2.1. Thermodynamics for bi-systems
Consider bi-systems labeled by L and R. The state of the bi-systems is described by the total density matrix ρ,
then the local density matrices of system L and R follow ργ = Trγ¯ρ, where γ = L,R and γ¯ is the complement of
γ. The entropy of the bi-systems and local systems are defined as the von Neumann entropy SLR = −Tr[ρ ln ρ] and
Sγ = −Tr[ργ ln ργ ]. The two systems may be correlated. We use mutual information IL;R = SL + SR − SLR to
measure their correlation, where IL;R ≥ 0 because of the sub-additivity of entanglement entropy.
The local Hamiltonian of systems L and R are HL and HR. Then the local energies are Eγ = Tr[ργHγ ]. We
will consider the following process. Prepare an initial state ρ(ti) of the bi-systems at time ti. Then we turn on an
interaction HI between them for a while. After time ti, HI is time independent. We define EI = Tr[ρHI ] any time. In
this paper, we will consider a weak interaction HI compared to the local Hamiltonian Hγ such that the local energies
of each local systems are well defined by the expectational valued of their local Hamiltonians. At time tf > ti, the
state of the bi-systems becomes ρ(tf ) through the unitary evolution with total Hamiltonian Htot = HL+HR+HI . So
the entropy of the bi-systems SLR does not change. The change in entropies and energies are ∆Sγ = Sγ(tf )− Sγ(ti),
∆Eγ = Eγ(tf )− Eγ(ti) and ∆EI = EI(tf )− EI(ti).
After time ti, the total energy is conserved,
∆EL + ∆ER + ∆EI = 0. (2.1)
4According to the first law of thermodynamics, the change in local energy can be divided into work W and heat Q.
We will adopt the definitions of work and heat in Ref. [13], and show them in Appendix A. For a specific model, we
can calculate them accordingly.
2.2. Anomalous heat flow
We review some theoretical observations about the heat transfer in the presence of correlation in Refs. [3, 4]. Given
a inverse temperature βγ = 1/Tγ , one can define a local thermal state for a local Hamiltonian, namely τγ(βγ) =
Z−1γ exp(−βγHγ). Now we specify the initial state ρ(ti) of the bi-systems at time ti such that the two local systems
are individually thermal, i.e. ργ(ti) = τγ(βγ).
Note that, given a constant β, free energy F = E − S/β is minimized by thermal state. As each local system is
thermal initially, we have
βL∆EL ≥ ∆SL, βR∆ER ≥ ∆SR. (2.2)
where βL,R are taken to be constant during the process, which are the inverse temperatures of the local thermal states
at time ti. We will call (2.2) as energy-entropy inequalities. When the inequalities are saturated, they are just the
first law of entropy of each system. Combining the two inequality, we have
(∆EL + ∆ER)(βL + βR) + (∆EL −∆ER)(βL − βR) ≥ 2∆IL;R = 2(∆SL + ∆SR), (2.3)
The change in mutual information ∆IL;R = ∆SL + ∆SR follows from the unitary evolution.
For an initial state which is a product states ρ(ti) = ρL(ti)⊗ ρR(ti), we have IL;R(ti) = 0. So ∆IL;R ≥ 0, meaning
that the interaction may induces entanglement. If we further consider the case of heat-contact, i.e. ∆EL + ∆ER = 0,
one can easily obtain the thermodynamic arrow of time from inequality (2.3),
(∆EL −∆ER)(βL − βR) ≥ 0. (2.4)
For example, we assume that system R is hotter than system L, i.e. βL > βR. From the above inequality, we know
∆EL = −∆ER ≥ 0, which just means that heat can only pass from a hotter system to a colder system. The above
inequality also holds once ∆EL + ∆ER ≤ 0, which means that one cannot transfer energy from a colder system to a
hotter system without positive work done on the bi-systems.
However, the above argument fails if the two systems are entangled initially. It is possible that the mutual infor-
mation IL;R decreases. Then the l. h. s. of inequality (2.3) is not required to be non-negative any more. Especially
for a pure initial state, SL = SR always holds. Then ∆SL = ∆SR. Combining it with inequalities (2.2), we have
∆EL + ∆ER ≥ ∆SL(TL + TR). If ∆EL + ∆ER ≤ 0 during the process, we find ∆IL;R = 2∆SL ≤ 0. So the reversal
of inequality (2.4),
(∆EL −∆ER)(βL − βR) < 0 (2.5)
is not forbidden anymore. Energy may pass from a colder system to a hotter system by consuming (quantum)
correlation, which is called anomalous heat flow. No doubt that such a phenomenon highly depends on the state and
the interaction. The reversal of the thermodynamic arrow of time during heat-contact was observed in the recent
experiment on the two-spins system [6]. The time-reversal algorithms on a quantum computer were developed in
Ref. [7].
In a word, we say that the thermodynamic arrow of time is reversed if
∆EL + ∆ER ≤ 0 and (∆EL −∆ER)(βL − βR) < 0. (2.6)
2.3. Extract work from correlation
No doubt that, the anomalous heat flow stems from (quantum) correlations, which plays an important role in
quantum thermodynamics. One can extract work from correlation or create correlation by costing work [9, 11, 14–16].
The trade off between works and correlations explain the presence of anomalous heat flow. For a state ρ and its
Hamiltonian H, the work extracted from the system by acting unitary transformation U is
W = Tr[ρH]− Tr[UρU†H]. (2.7)
5For a Hamiltonian H, a state is called passive if and only if no positive work can be extracted from it, namely
W ≤ 0, ∀U. (2.8)
Furthermore, it is proved in Refs. [17, 18] that a state pi is passive if and only if it is diagonal in the energy eigenbasis
and its eigenvalues are monotonically decreasing with increasing energy, namely
pi =
∑
n
pn |n〉 〈n| where pn ≥ pm if En ≤ Em. (2.9)
Obviously, a thermal state τ = Z−1e−βH is a passive state of its Hamiltonian H. Furthermore, the outer product of
thermal state τ⊗n is also a passive state of the n copies of H for any n. While an outer product of a passive state
pi⊗n may not be a passive state of the n copies of H.
The authors in Ref. [8] argued that, for entropy-preserving evolution, the extractable work solely from the correlation
between system and heat bath is bounded by the mutual information times temperature. Here we take an entangled-
pure state of a bi-system as an example. From inequalities (2.2), the work extracted is bound by
W ≤ IL;R(TL + TR)/2. (2.10)
The authors in Ref. [8] further explained the anomalous heat flow as the refrigeration driven by the work stored
in correlations. Finally, they also modified the Clausius statement of the second law: no process is possible whose
sole result is the transfer of heat from a cooler system to a hotter system, where the work potential stored in the
correlations does not decrease.
3. A THERMO FIELD DOUBLE STATE AS AN INITIAL STATE
3.1. Balanced bi-systems and holography
Consider a local Hamiltonians H of a local system, with eigenbasis H |n〉 = En |n〉. Further, consider two copies of
the local system labeled by L and R with Hamiltonian
H0 = HL +HR, HL = H ⊗ 1, HR = 1⊗H. (3.1)
We call it balanced Hamiltonian since the local Hamiltonians are the same. We consider a state |I〉 = ∑n |n〉L |n〉R,
where |n〉γ is the energy eigenstate in system γ. We prepare a TFD state at t = 0,
|β〉 = 1√
Z
e−βH0/4 |I〉 = 1√
Z
∑
n
|n〉L |n〉R e−βEn/2 (3.2)
where Z = Tre−βH . The TFD state is not an eigenstate of H0. We define |β(t)〉 = e−iH0t |β〉 . Tracing out the
system on one side, we obtain a thermal state on another side, ργ = Trγ¯ |β(t)〉 〈β(t)| = Z−1e−βH . Both of the inverse
temperatures of local systems are β.
Throughout this paper, we consider H to be a conformal field theory at 0 + 1 dimension. We can also consider that
the local Hamiltonian H in Eq. (3.1) is the SYK model [42–44] in Appendix C. The TFD state in the two sites SYK
model was constructed in Refs. [39, 40, 45]. The ways of preparing TFD states were discussed in Refs. [39, 47].
We consider an operator O on the local system. We define
OL = O
T ⊗ 1, OR = 1⊗O, (3.3)
where OT is the transpose of O on the basis of energy eigenstates. The interaction picture for both sides are
OL(t) = e
iH0tOLe
−iH0t = eiHtOT e−iHt ⊗ 1,
OR(t) = e
iH0tORe
−iH0t = 1⊗ eiHtOe−iHt, (3.4)
Due to the entanglement in the TFD state, the operators on both side are related by
OL(t) |β〉 = OR
(
−t+ iβ
2
)
|β〉 . (3.5)
6We assume that the systems have a holographic duality of nearly-AdS2. The bulk description of the TFD state is
the Rindler patch in AdS2 space [48, 49]. For higher-dimensional CFT, one can further consider higher-dimensional
generalization in the eternal black hole in AdS space. We consider that the AdS2 holography is described by dilaton
gravity
I0 =− φ0
16piGN
[∫
dx2
√
gR+
∫
dx
√
hK
]
− 1
16piGN
[∫
d2x
√
gφ(R+ 2) + 2
∫
∂
dx
√
hφ∂K
]
+ ...
−
M∑
i=1
∫
d2x
√
g
[
(∂χi)
2 +m2χ2i
] (3.6)
The first term is a topological term. It does not control the dynamic and only contributes to extremal entropy
S0 = φ0/4GN . The second term is called Jackiw-Teitelboim (JT) theory. After integrating out dilaton field φ, one
can fix the metric to be (E)AdS2. The remained d.o.f. is the boundary trajectory and the matter fields [49]. The
dots refer to the expansion of the dilaton field from higher dimensional reduction, which is neglectable for φ  φ0.
We will consider M free scalar with the same mass fields {χi} in the bulk. So the theory have SO(M) symmetry of
rotation χi →
∑
j Gijχj where G ∈ SO(M). In this paper, we will frequently exchange these scalar fields, which is a
subgroup of the SO(M) symmetry.
The coordinates of EAdS2 and AdS2 used in this paper are
ds2 =
dµ2 + dz2
z2
= sinh2 ρdϕ2 + dρ2. (3.7)
ds2 =
−dν2 + dz2
z2
= − sinh2 ρdψ2 + dρ2 = −dθ
2 + dσ2
sin2 σ
. (3.8)
where (µ, z) and (ν, z) are Poincare coordinates, (φ, ρ) and (ψ, ρ) are Rindler coordinates and (θ, σ) is conformal
coordinate. We will first work on Euclidean time. One can impose boundary conditions
ds2∂ =
1
2
dτ2, φ∂ =
φ¯

. (3.9)
The cutoff is imposed to prevent dilaton field φ from exceeding φ0. So φ¯/φ0 is related to the UV cutoff  of the dual
boundary theory, namely φ¯/φ0 = α with a order 1 constant α. One can parameterize the boundary as (µ(τ), z(τ)),
where z(τ) is determined by the boundary condition
z = µ′(τ) +O(3). (3.10)
From the JT term in EAdS2, one can obtain the effective action of reparameterization µ(τ)
Ieff = −C
∫
dτ {µ, τ} = C
2
∫ 2pi
0
dτ(ε′′2 − ε′2) +O(ε3),
{µ, τ} =
(
µ′′(τ)
µ′(τ)
)′
− µ
′′(τ)2
2µ′(τ)2
, µ = tan
ϕ
2
, ϕ = τ + ε(τ), C =
φ¯
8piGN
, β = 2pi.
(3.11)
where {µ, τ} is the Schwarzian derivative. Coefficient C has the dimension of time. The dependence on β can be
recovered by dimensional analysis. Those SL(2, R) zero modes ε = 1, eiτ , e−iτ should be excluded in the functional
integrate on ε. One can obtain the correlation of reparameterization modes
〈ε(τ)ε(0)〉 = 1
2piC
[
−1
2
(|τ | − pi)2 + (|τ | − pi) sin |τ |+ c1 + c2 cos τ
]
, (3.12)
where arbitrary coefficients {c1, c2} come from the redundancy of SL(2, R) zero modes.
For a free scalar field χ in the bulk, the correlation of its dual operator is modulated by reparameterization modes.
The sources Jˆ(µ) in µ are related to the source J(τ) in u by
χ ∼ z1−∆Jˆ(µ) ∼ (µ′(τ))1−∆Jˆ(µ) = 1−∆J(τ) ⇒ Jˆ(µ) = µ′(τ)∆−1J(τ). (3.13)
7So the effective action after we integrate out the bulk field χ is
−IM =
∫
dµ1dµ2
Jˆ(µ1)Jˆ(µ2)
(µ1 − µ2)2∆ =
∫
dτ1dτ2J(τ1)J(τ2)
[
µ′1(τ1)µ
′
2(τ2)
(µ1(τ1)− µ2(τ2))2
]∆
=
∫
dτ1dτ2
J(τ1)J(τ2)
(2 sin τ122 )
2∆
(1 + B(τ1, τ2) + C(τ1, τ2) +O(ε3)), (3.14)
B(τ1, τ2) =∆
(
ε′1 + ε
′
2 +
ε2 − ε1
tan τ122
)
, (3.15)
C(τ1, τ2) =∆
2
2
(
ε′1 + ε
′
2 +
ε2 − ε1
tan τ122
)
2 +∆
((
ε1 − ε2
2 sin τ122
)
2 − 1
2
(
ε′1
2 + ε′2
2
))
. (3.16)
where τ12 = τ1− τ2, ε1 = ε(τ1). The operator O has been normalized such that the common factor D∆ = (∆−1/2)Γ(∆)√piΓ(∆−1/2)
does not appear in the correlation function. After integrate out ε,
ln
〈
e−IM
〉
=
∫
dτ1dτ2
J(τ1)J(τ2)
(2 sin τ122 )
2∆
(1 + 〈C(τ1, τ2)〉)
+
1
2
∫
dτ1dτ2dτ3dτ4
J(τ1)J(τ2)J(τ3)J(τ4)
(2 sin τ122 )
2∆(2 sin τ342 )
2∆
〈B(τ1, τ2)B(τ3, τ4)〉+O(C−2), (3.17)
〈C(τ1, τ2)〉 =− ∆
8piC
(
sin
τ12
2
)−2 (−τ212 + 2pi|τ12|+ 2 (|τ12| − pi) sin |τ12|+ 2 cos τ12 − 2)
+
∆2
4piC
(
τ12
tan τ122
− 2
)(
τ212 − 2pi|τ12|
τ12 tan
τ12
2
− 2
)
, (3.18)
where the bracket 〈...〉 = ∫ DεSL(2,R) ...e−Ieff and Eq. (3.12) is used. The specific express of 〈B(τ1, τ2)B(τ3, τ4)〉 is too
tedious to be shown here, which does not only depend on τ12 and τ34 for ordering τ1 > τ3 > τ2 > τ4.
The real time correlator can be obtained by Wick rotation τ → it. The two boundaries of AdS2 space satisfy the
boundary conditions
ds2∂,L =−
1
2
dt2, φ∂,L =
φ¯

,
ds2∂,R =−
1
2
dt2, φ∂,R =
φ¯

.
(3.19)
The boundaries are parameterized by {νL(t), νR(t)} in Poincare coordinate or {ψL(t), ψR(t)} in Rindler coordinate,
whose effective action is
Ieff = −C
∫
dtL {νL, tL} − C
∫
dtR {νR, tR} = −C
∫
dtL
{
− coth ψL
2
, tL
}
− C
∫
dtR
{
tanh
ψR
2
, tR
}
. (3.20)
The SL(2, R) symmetry of parameterization {ψL(t), ψR(t)} is
ψL → ψL + 0 + 1eψL + 2e−ψL , ψR → ψR − 0 + 1e−ψR + 2eψR . (3.21)
Without the excitation of scalar fields, those three SL(2, R) charges are required to vanish for the consistence of the
effective action. Then the equations of motion are automatically satisfied. Corresponding to the TFD state |β(t)〉,
the solution is
ψL =
2pi
β
tL, ψR =
2pi
β
tR, tL = tR = t. (3.22)
The correlator in bi-systems can be obtained by doing analytical continuation t→ t± iβ2 . For example, the two points
function at tree level in real time are
〈OL(t1)OL(t2)〉 = 〈OR(t1)OR(t2)〉 = Tr[O(t1)O(t2)y2] = 2
(
2i sinh
t12
2
)−2∆
, (3.23)
〈OL(t1)OR(t2)〉 = Tr[O(−t1)yO(t2)y] = 2
(
2 cosh
t1 + t2
2
)−2∆
, (3.24)
8where, within the trace,
O(t) = eiHtOe−iHt, (3.25)
y = Z−1/2e−βH/2. (3.26)
3.2. Unbalanced bi-systems and holography
Now we make the Hamiltonian of the bi-systems unbalanced
H˜0 = HL + H˜R, HL = H ⊗ 1, H˜R = 1⊗ λH. (3.27)
where the Hamiltonian of system R is multiplied by a constant λ. While, we still consider the TFD state |β〉 in Eq. (3.2)
at time t = 0, which is prepared by imaginary time evolution with H0 rather than H˜0. While, |β〉 evolves with H˜0 along
real time,
∣∣∣β˜(t)〉 = e−iH˜0t |β〉 = ∣∣β( 1+λ2 t)〉. Trace it by part, we have ργ = Trγ¯ ∣∣∣β˜(t)〉〈β˜(t)∣∣∣ = 1Z e−βH = 1Z e−(β/λ)λH .
Thus βL = β and βR = β/λ. Without loss of generality, we set λ ≥ 1 through this paper. So system R is hotter than
system L or they have the same temperature , i.e. βL ≥ βR. Effectively, multiplying the Hamiltonian of system R
by λ is equivalent to redefining the time of system R as t˜ = t/λ. Such a fact will be reflected below.
We still consider the same operator O at t = 0. Since we have change the Hamiltonian, the time evolution of O
is changed as well. Through this paper, O˜(t) refers to the time evolution of O with H˜0 and O(t) refers to the time
evolution of O with H0. They are related by
O˜L(t) = e
iH˜0tOLe
−iH˜0t = eiHtOT e−iHt ⊗ 1 = OL(t),
O˜R(t) = e
iH˜0tORe
−iH˜0t = 1⊗ eiHλtOe−iHλt = OR(λt),
(3.28)
For system R, the evolution with H˜0 by time t is just the evolution with H0 by time λt. Take correlator as an example,〈
O˜L(t1)O˜R(t2)
〉
=
〈
eiHt1OT e−iHt1 ⊗ eiλHt2Oe−iλHt2〉 = 〈OL(t1)OR(λt2)〉 , (3.29)
where 〈...〉 ≡ 〈β| ... |β〉 for short. By using the relation between two evolutions, we can map the observables under the
evolution with H˜0 to the that under the evolution with H0. This trick will be frequently used in later calculation.
We can further discuss the effect on the gravity side under the change of Hamiltonian. Corresponding to the
evolution with unbalanced H˜0 by time t, the conditions of the two boundaries in AdS2 become
ds2∂,L =−
1
2
dt2, φ∂,L =
φ¯

ds2∂,R =−
λ2
2
dt2, φ∂,R =
φ¯/λ
/λ
(3.30)
where the UV cutoff of system R becomes /λ. Let the boundaries corresponding to the evolution with unbalanced
H˜0 to be parameterized by {ν˜L(t), ν˜R(t)} or
{
ψ˜L(t), ψ˜R(t)
}
. The evolution with unbalanced H˜0 can inherit the bulk
description from the evolution with H0 according to Eq. (3.28) and
ν˜L(t) = νL(t), ν˜R(t) = νR(λt),
ψ˜L(t) = ψL(t), ψ˜R(t) = ψR(λt).
(3.31)
Then the effective action becomes
Ieff = −C
∫
dt {ν˜L, t} − C
λ
∫
dt {ν˜R, t} = −C
∫
dt
{
− coth ψ˜L
2
, t
}
− C
λ
∫
dt
{
tanh
ψ˜R
2
, t
}
. (3.32)
Corresponding to the TFD state
∣∣∣β˜(t)〉, the saddle point solution of an eternal black hole with unbalanced H˜0 is
ψ˜L =
2pi
β
t, ψ˜R =
2piλ
β
t. (3.33)
9σ
θ
FIG. 2. Two boundaries ν˜L(t) and ν˜R(t) with λ = 2 in conformal coordinate (σ, θ). Systems L,R are denoted by blue curve
and orange curve. Parameterizations are shown by the graduation line on the curves. Dashed lines indicate the insertion of
interaction.
As expected, the black hole R is hotter than the black hole L. Although the parameterizations are unbalanced, the
classical location of the boundary is balanced, as shown in Fig. 2.
The source J˜R of system R can be identified as follows
OR(λt) = O˜R(t) and
∫
dtJR(t)OR(t) =
∫
dtJ˜R(t)O˜R(t) ⇒ λJR(λt) = J˜R(t) (3.34)
which is consistent with the correlation (3.29), since∫
dt1dt2JL(t1)JR(t2)
[
ν′L(t1)ν
′
R(t2)
(νL(t1)− νR(t2))2
]∆
=
∫
dt1dt2J˜L(t1)J˜R(t2)
[
ν′L(t1)ν
′
R(λt2)
(νL(t1)− νR(λt2))2
]∆
. (3.35)
Compared with dictionary (3.13), the dictionary for J˜R is
χ ∼ z1−∆JˆR(νR) ∼ (ν˜′R(t)/λ)1−∆JˆR(νR) = 1−∆JR(λt) = 1−∆λ−1J˜R(t)
⇒ JˆR(νR) = ν˜′R(t)∆−1λ−∆J˜R(t) (3.36)
rather than χ ∼ (/λ)1−∆J˜R(τ˜R) and JˆR(νR) = ν˜′R(t)∆−1J˜R(t). It means that the holographic dictionary of O˜R(t) is
different from the one of OR(t).
One may wonder whether any physics will be changed by redefining the time. Indeed, no physics have been changed
so far. However, physics will be changed if we couple the two systems.
3.3. Product states as a comparison
As a comparison, we still adopt the unbalanced Hamiltonian H˜0 in Eq. (3.27) but replaced the initial state by
product state
ρ = τ(β)⊗ τ(β/λ). (3.37)
which is the same as TFD state (3.2) locally. The interaction picture (3.28) also holds.
The Hamiltonian H of conformal field theory is gapless. Considering a non-trivial Hamiltonian H˜0 6≡ 0, we find
that product state (3.37) is a passive state if and only if λ = 1. The analysis is as follows. The probability and energy
of the energy eigenstate |n〉L |m〉R are pnm = (ZLZR)−1 exp(−β(En + Em)) and Enm = En + λEm. When λ = 1,
pnm ∝ exp(−βEnm), then ρ satisfies condition (2.9). Recall that local Hamiltonian Hγ here is gapless. When λ > 1,
we can choose m and m′ such that Em − Em′ = δ > 0, and then choose n and n′ such that λδ > En′ − En > δ. We
find Enm > En′m′ but pnm > pn′m′ and then ρ does not satisfy condition (2.9).
The product of two thermal states is dual to two black holes without a wormhole connecting them [29, 50]. We
will call them disconnected black holes. In AdS2 holography, we should consider the union of two AdS2 spaces, each
of which controlled by a theory of JT gravity. The disconnected black holes are described by two Rindler patches of
the two AdS2 spaces, as discussed in Appendix B. The wormhole in each Rindler path is caused by the purification
of the corresponding thermal state and has nothing to do with the entanglement between system L and system R.
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4. EXTRACT WORK FROM WORMHOLE
From the ER=EPR conjecture, for an entangled bi-systems LR, it is conjectured that there is a wormhole connecting
them. The wormhole in the eternal black hole geometrically represents the entanglement between system L and system
R, each of which is in a thermal state. From quantum thermodynamics, as work can be extracted from correlation,
it is natural to expect that work can be extracted from wormhole as well.
We take the TFD state as the initial state and turn on the interaction HI at time ti. After time ti, the total
Hamiltonian is Htot = H˜0 +HI . In interaction picture, the state at time tf > ti is∣∣∣β˜I(tf )〉 = T exp(−i ∫ tf
ti
dt H˜I(t)
)
|β〉 , (4.1)
where H˜I(t) is the interaction picture of HI under the evolution with H˜0 and T is time ordering.
To study the work extracted from the eternal black hole, in this section, we consider the interaction
HI = gOLOR. (4.2)
Such an interaction is also introduced in literatures to couple two spacetimes [50] or construct traversable wormhole
for g < 0 [35, 36, 39]. For balanced H0, the energy changes at the first-order perturbation of interaction (4.2) have
been calculated in Refs. [35, 36]. While here, we revisit them from the viewpoint of quantum thermodynamics. Due
to the consideration of weak interaction HI , we should consider a small g, such that the perturbation theory holds.
For unbalanced H˜0, the energy changes are
∆EL =
〈
β˜I(tf )
∣∣∣HL ∣∣∣β˜I(tf )〉− 〈HL〉 = ∆E(1)L + ∆E(2)L +O(g3), (4.3a)
∆ER =
〈
β˜I(tf )
∣∣∣ H˜R ∣∣∣β˜I(tf )〉− 〈H˜R〉 = ∆E(1)R + ∆E(2)R +O(g3), (4.3b)
∆EI =
〈
β˜I(tf )
∣∣∣ H˜I(tf ) ∣∣∣β˜I(tf )〉− 〈H˜I(ti)〉 = ∆E(1)I + ∆E(2)I +O(g3), (4.3c)
where the superscribe in ∆E(i) denote the energy change at O(gi). During ti ≤ t ≤ tf , energy conservation holds at
each order of g. By virtue of the entanglement, the work extracted at O(g) is
W (1) = ∆E
(1)
I = g (〈OL(tf )OR(λtf )〉 − 〈OL(ti)OR(λti)〉) . (4.4)
According to Eq. (3.24) at tree level, sgn(W (1)) = −sgn(g)sgn(tf+ti), which can be positive. As explained in Ref. [36],
interaction (4.2) imposes a potential energy
〈
H˜I(t)
〉
= g 〈OL(t)OR(λt)〉 ∼ ge−ml(t) and does work on each system,
where l(t) is the distant between the location of the two operator OL(t) and OR(λt) in AdS2 space, and m is the mass
of dual scalar field χ.
The first law of entropy holds at first order perturbation, then
β∆E
(1)
L = ∆S
(1)
L = ∆S
(1)
R = (β/λ)∆E
(1)
R . (4.5)
Combining it with Eqs. (2.1)(4.4), we have
∆E
(1)
L = −
1
1 + λ
W (1), ∆E
(1)
R = −
λ
1 + λ
W (1), ∆S
(1)
L = ∆S
(1)
R = −
1
1 + λ
βW (1). (4.6)
Then we find such work is extracted from correlation
W (1) = −1
2
(
1
βL
+
1
βR
)
∆I
(1)
L;R. (4.7)
We can alternatively calculate the change in the von Neumann entropy from replica trick in Section 6.
According to the definitions of the work and heat of the local system in Appendix A, we find that ∆E
(1)
I is the change
in the binding energy during the process. The work W (1) is extracted through the binding energy in Eq. (4.4). The
local energy change in the way of heat, ∆E
(1)
γ = ∆Q
(1)
γ , and the work done on the local system vanishes, ∆W
(1)
γ = 0.
As a comparison, we try to extract work from the disconnected black holes, as calculated in Appendix B. While,
without a wormhole, ∆E(1) ∝
〈
O˙(t)
〉
= 0, so no work can be extracted at O(g). We further go to O(g2) and find
that ∆E
(2)
L + ∆E
(2)
R ≥ 0, so no positive work can be extracted via such interaction. It is expectable when λ = 1, since
the disconnected black holes form a passive state, while the eternal black hole does not. However, when λ > 1, the
disconnected black holes do not form a passive state anymore, as explained below Eq. (3.37). The fail of extracting
positive work results from the unsatisfactory form of the interaction.
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5. ANOMALOUS HEAT FLOW VIA WORMHOLE
5.1. Interaction
In this section, we continue to consider the unbalanced H˜0 and the TFD state. As explained in the previous
section, the appearance of anomalous heat flow is highly dependent on the form of interaction term [5]. To look for
the anomalous heat flow in the eternal black hole, we will alternatively consider the interaction
HI =
1√
2
g(VLWR −WLVR), (5.1)
where two scalar operators V and W are dual to two scalar fields χV = χ1 and χW = χ2 separately in the bulk
for M = 2. The scaling dimensions of V and W are the same. Due to the SO(M) symmetry of Eq. (3.6), any
Green functions of V and W are invariant under exchange V ↔W . Similar interaction was appeared in thermo field
dynamic [51] 1. One may consider other kinds of interaction, such as Eq. (4.2) or
HI = gVLWR (5.2)
or
HI =
1√
2
g(VLWR +WLVR). (5.3)
Since V and W are dual to different scalar fields, 〈VL(t1)WR(t2)〉 = 〈WL(t1)VR(t2)〉 = 0. So the effect of each of
Eqs. (5.1)(5.2)(5.3) at O(g) vanishes. We have to look at the contribution at O(g2). Actually, even if it does not
vanish, e.g. for the interaction (4.2), the first law of entropy leads to Eq. (4.5) as shown before. Then we have
sgn((∆E
(1)
L −∆E(1)R )(βL − βR)) = −sgn(∆E(1)L + ∆E(1)R ). (5.4)
Comparing it with criterion (2.6), we find that the arrow of time will not be reversed at first order. This statement
holds for other form of interaction and higher dimensional generalization. While it does not hold for mixed initial
state. So we design interaction (5.1) to kill the effect of first order perturbation.
At second-order perturbation, different interactions will generate different sets of Feynman diagrams. As one will
see, the sets of diagrams generated by interactions (5.2) and (5.3) are contained in the set of diagrams generated by
interaction (5.1). Furthermore, the set of diagrams generated by interaction (5.1) are contained in the set of diagrams
generated by interaction (4.2). We do not observe any anomalous heat flow with interactions (4.2)(5.2)(5.3).
5.2. Early time
We will consider interaction (5.1) and go to O(g2). The change in the local energies ∆Eγ and interaction energy
∆EI from time ti to time tf at O(g
2) are
∆EL ≈
∫ tf
ti
dt
∫ t
ti
dt′KL(t, t′),
KL(t, t
′) = (−i)3g2
(〈
[V˙L(t)WR(λt), VL(t
′)WR(λt′)]
〉
−
〈
[V˙L(t)WR(λt),WL(t
′)VR(λt′)]
〉)
, (5.5a)
∆ER ≈
∫ tf
ti
dt
∫ t
ti
dt′KR(t, t′),
KR(t, t
′) = (−i)3g2λ
(〈
[VL(t)W˙R(λt), VL(t
′)WR(λt′)]
〉
−
〈
[VL(t)W˙R(λt),WL(t
′)VR(λt′)]
〉)
, (5.5b)
∆EI ≈
∫ tf
ti
dtKI(tf , t),
KI(t, t
′) = (−i)g2 (〈[VL(t)WR(λt), VL(t′)WR(λt′)]〉 − 〈[VL(t)WR(λt),WL(t′)VR(λt′)]〉) . (5.5c)
1 Thank Sang Pyo Kim for pointing out this point.
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(a) Disconnected-tree
diagram.
(b) Disconnected-loop
diagram. The loop can
appears on either side.
(c) t-channel. (d) u-channel.
FIG. 3. Four diagrams contribute to Eq. (5.5). The commutator CVWVW in Eq. (5.6a) is consisted of (a)(b) the disconnected
diagrams and (c) the t-channel. The commutator CVWWV in Eq. (5.6b) is consisted of (d) the u-channel. The smooth (wavy)
curve is the correlator of scalar field (graviton).
We have used the SO(M) symmetry to exchange V ↔ W . Since all the following results are of O(g2), we have
omitted the superscript in ∆E(2)s. The first (second) term in each integral kernel of Eq. (5.5) come from the diagonal
(cross) terms in H2I . If we choose interaction (5.2), the second term in each integral kernel of Eq. (5.5) disappears.
If we choose interaction (5.3), the second term in each integral kernel of Eq. (5.5) has an inverse sign. The following
discussion corresponding to interaction (5.1) can be easily translated into the case of interactions (5.2) and (5.3).
The two terms in each integral kernel of Eq. (5.5) are denoted as (Kγ(t, t
′))VWVW and (Kγ(t, t′))VWWV where
γ = L,R, I. They are related to the following two commutators
CVWVW = 〈[VL(t1)WR(t2), VL(t3)WR(t4)]〉 = 2iImTr[V (−t3)V (−t1)yW (t2)W (t4)y]
≈(CVWVW )discon. + (CVWVW )t−channel +O(C−2), (5.6a)
CVWWV = 〈[VL(t1)WR(t2),WL(t3)VR(t4)]〉 = 2iImTr[W (−t3)V (−t1)yW (t2)V (t4)y]
≈(CVWWV )u−channel +O(C−2), (5.6b)
{t1, t2, t3, t4} ≈ {t, λt, t′, λt′} , t′ < t
and their derivative. CVWVW is transformed into V VWW -order four points functions and CVWWV is transformed
into VWVW -order four points functions at finite temperature.
Those diagrams contributing to the commutators (5.5) stems from the causal connection between time t and time
t′, which are shown in Fig. 3. Since there are two operators on each side, (dis)connected diagrams will (not) go across
on the wormhole.
The first commutator (5.6a) contain the diagrams in Figs. 3(a), 3(b) and 3(c) up to O(C−2). The tree diagram in
Figs. 3(a) and its one-loop correction in Fig. 3(b) are disconnected and not go across the wormhole. They are due to
the propagation of the two scalar fields χV , χW in each side separately. So, they are functions of t13 and t24, which
are summed into
(CVWVW )discon. = −i23 sin(2pi∆)
(
4 sinh
t13
2
sinh
t24
2
)−2∆
(1 +O(C−1)) (5.7)
It has an important contribution on the kernels at short time t − t′ < td/2, where td = β/2pi is the dissipation
time. It suffers from UV divergence once 0 < ∆. However, when ∆ < 1/4, the integral (∆EI)discon. contributed
by (CVWVW )discon. is finite. The kernel (KL(t, t
′) − KR(t, t′))discon. turns out to be O((t − t′)1−4∆) so that the
integral (∆EL − ∆ER)discon. converges when ∆ < 1/4. We will focus on the case of 0 < ∆ < 1/4. Of course, one
can also introduce a small separation  on imaginary time to regularize the UV behavior, such as 〈V (t1)V (t2)〉 →
〈V (t1 − i)V (t2)〉. It acts as the UV cutoff of the boundary theory which is dual to JT gravity and satisfies   β.
However, the integrals (∆EL −∆ER)discon. and (∆EI)discon. are not UV-sensitive. They only have some shifts if we
change  and keep finite if we send → 0. We illustrate the energy changes contributed by the disconnected diagrams
3(a) and 3(b) in Fig. 4. After the dissipation time, (∆EI(t, t
′))discon. is saturated, while energy starts to diffuse from
hotter system R to colder system L via the channel of disconnected diagrams. Further numerical calculation shows
that the energy changes contributed by these disconnected diagrams never satisfy criterion (2.6). It is predictable
since these disconnected diagrams are not related to the wormhole. They can also appear in the interaction between
two disconnected black holes in Appendix B, where the thermodynamic arrow of time should not be reversed.
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FIG. 4. Kernels (KL(t, t
′))discon., (KR(t, t′))discon., (KI(t, t′))discon. as functions of t − t′ and energy changes
(∆EL)discon., (∆ER)discon., (∆EI)discon. as functions of tf − ti, contributed by the disconnected-tree diagram 3(a), where
∆ = 1/6, β = 2pi, λ = 2, C = 105 and  = 0.2. Actually, the contribution of loop diagram is neglectable here.
The connected diagram in Fig. 3(c) is called t-channel, which goes across the wormhole. The interpretation of the
t-channel is that: the energy-momentum tensors of the two scalar fields χV , χW on each side are correlated with each
others caused by the propagation of virtual graviton through the wormhole. The propagation of virtual graviton just
reflects the energy correlation between the two sides of TFD state, HL |β〉 = HR |β〉. The t-channel contributes to
the commutator CVWVW with
(CVWVW )t−channel = −i23 sin(2pi∆)
(
4 sinh
t13
2
sinh
t24
2
)−2∆
∆2
2piC
(
t13 coth
t13
2
− 2
)(
t24 coth
t24
2
− 2
)
. (5.8)
It also depends on t13 and t24 only, but it is free from UV divergence once ∆ < 1. It is alway O(C
−1), so it is
smaller than the contribution of the tree diagram in Fig. 3(a). Since t13 ≥ 0, t24 ≥ 0 and 0 < ∆ < 1/4, we find
(−i)(CVWVW )t−channel ≤ 0, then (∆EL + ∆ER)t−channel = −(∆EI)t−channel ≥ 0, which does not satisfy criterion
(2.6).
Thus, the first commutator (5.6a) is a function of t13 and t24, which describe the process without signal passing
the wormhole since the original wormhole in the eternal black hole is not traversable. The energy change contributed
by the first commutator (5.6a) obeys the thermodynamic arrow of time.
The second commutator (5.6b) is an OTOC. It leads to the diagram in Fig. 3(d) at O(C−1), which is called u-
channel. It plays an important role to quantum chaos and traversable wormhole [35, 36]. Its corresponding process in
the bulk is that two particles scatters near the horizon by exchanging graviton and then reach the opposite boundaries.
In contrast, without the exchange of graviton, the diagram does not contribute to Eq. (5.6) since the wormhole is not
traversable. The u-channel contributes to commutator CVWWV with
(CVWWV )u−channel
=− i23
(
4 cosh
t2 + t3
2
cosh
t1 + t4
2
)−2∆
∆2
C
(
sinh t14+t232
cosh t2+t32 cosh
t1+t4
2
+
t14 + t23
2
tanh
t2 + t3
2
tanh
t1 + t4
2
)
(5.9)
Due to the suppression of C−1, it is visible only within the chaos region, t′ ≈ −t and td/2  t < t∗/2, where
t∗ = β2pi log
2piC
β is the scrambling time. Specifically, let λ = 1, t1 = t2 = t > 0 and t3 = t4 = t
′ = −t, it becomes
(CVWWV )u−channel = −i23−4∆∆2C−1 sinh(2t) (5.10)
which will exponentially grows at early time td/2  t < t∗/2. While, at late time t  t∗/2, the approximation in
Eq. (5.9) at O(C−1) is unreliable, because of the strong backreaction on the metric, which will be investigated in the
next section. If we let ti = −tf and λ ≈ 1 in Eq. (5.5), the u-channel will contribute exponentially growths on the
energy changes at early time td/2 tf < t∗/2, whose leading behaviors are
(∆EL + ∆ER)u−channel =− (∆EI)u−channel ∼ −g2C−1e2tf +O((λ− 1)1), (5.11)
(∆EL −∆ER)u−channel ∼− (λ− 1)g2C−1tfe2tf +O((λ− 1)2), (5.12)
both of which are negative and satisfy criterion (2.6). It means that the u-channel with the interaction (5.1) contribute
to anomalous heat flow, at lead at early time, when λ ≈ 1. Our numerical calculation shows that, for general λ > 1,
such anomalous heat flow also appear. We illustrate kernels contributed by the u-channel in Fig. 5 for some parameters.
However, in Eq. (5.5), we should sum over all the diagrams. We estimation their scale, as concluded in Tab. I.
Specially, the energy change contributed by the u-channel is order C−1 before the dissipation time td, while it reaches
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FIG. 5. Kernels (KL(t, t
′) +KR(t, t′))u−channel and (KL(t, t′)−KR(t, t′))u−channel contributed by the u-channel at early time,
where ∆ = 1/6, C = 105, β = 2pi, λ = 2 and then t∗/2 = (lnC)/2 ≈ 5.7.
diagrams (dis)connected the thermodynamic arrow of time scale of energy change
tree disconnected obey 1
one-loop disconnected obey C−1
t-channel connected obey C−1
u-channel connected reverse at early time from C−1 to C−1et∗ ∼ 1
TABLE I. Comparing those diagrams in Fig. 3.
order C−1et∗ ∼ 1 near the scrambling time t∗. First, the wormhole supports two channels, the t-channel, and the
u-channel, whose contribution to the energy changes should be dominated by the u-channel near the scrambling time.
So, with interaction (5.1), the wormhole supports an anomalous heat flow near the scrambling time. Second, since the
contributions of the tree diagram and the u-channel are in the same order, to determine the whole thermodynamic
arrow of time, we should compare the contribution of the two diagrams numerically, as shown in Fig. 6. We find that
the contribution of the tree diagram is larger than the one of the u-channel at early time. So we conclude that the
whole thermodynamic arrow of time has not been reversed at early time.
5.3. late time
At late time, one should consider higher order C−1 correction on CVWWV beyond the u-channel. By taking the
limit t→∞, C →∞ while keeping C−1et finite, one can calculate CVWWV in eikonal approximation [33, 49]
CVWWV = −2i 〈VL(t1)VR(t4)〉 〈WR(t2)WL(t3)〉 ImF
F =
(
i
ζ
)2∆
U
(
2∆, 1,
i
ζ
)
, ζ =
1
8C
e(t1+t2−t3−t4)/2
cosh t2+t32 cosh
t1+t4
2
, (5.13)
t1 ≈ t2/λ ≈ t, t3 ≈ t4/λ ≈ t′, t′ < 0 < t
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FIG. 6. ∆EL±∆ER contributed by different diagrams in Table I as functions of tf , where the fifth line “eikonal” refers to the
contribution of CVWWV in Eq. (5.13). Parameters are chosen to be ∆ = 1/6, C = 10
5, β = 2pi, λ = 2,  = 0.2 and ti = −15.
The contributions of the one-loop correction and the t-channel are too small to be visible.
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FIG. 7. ζ∗ as a function of ∆.
where the two points functions are given in Eq. (3.24) and the confluent hypergeometric function U(a, 1, x) =
Γ(a)−1
∫∞
0
dse−sx s
a−1
(1+s)a is used. In real time, ζ > 0 always holds, then ImF > 0 always holds. Eq. (5.13) is
negligible before the early time. It agrees with the u-channel in Eq. (5.9) well at early time. While it decays to zero
at late time. So its amplitude is maximized at the time scale of the scrambling time. More precisely, ImF is maximal
at ζ = ζ∗, whose dependence on ∆ is shown in Fig. 7. It corresponds to the time scale on (t, t′) as
e(λ+1)t
2C (et′+λt + 1) (eλt′+t + 1)
≈ ζ∗. (5.14)
The time dependence of the two points functions in Eq. (3.24) also affect the time of the maximal amplitude of
CVWWV . Basically, when λ ≈ 1, it is maximized at the time scale (5.14); when λ  1, it is maximized at the time
scale which is smaller than (5.14).
Beside, there are two lines in the plane of (t, t′) where the two points functions in Eq. (5.13) are maximized
respectively
λt+ t′ = 0, (5.15)
t+ λt′ = 0. (5.16)
The intersections of Eqs. (5.14)(5.15) and (5.14)(5.16) are approximately
(t, t′) = (ta,−λta) , ta ≈ 1
1 + λ
t∗
2
, (5.17)
(t, t′) = (tb,−tb/λ) , tb ≈ λ
1 + λ
t∗
2
. (5.18)
The two time scales ta and tb can characterize the process of energy change.
In Fig. 8, we show the energy changes (∆Eγ)VWWV and their kernels (Kγ(t, t
′))VWWV contributed by CVWWV in
Eq. (5.13) including the late time. We can consider the process with initially time ti  −t∗ and observe the energy
changes contributed by CVWWV when tf goes from ti to +∞. We will find several periods. All the energy changes
in the following list refer to the contribution by CVWWV only.
1. When tf  ta, these energy changes are negligible, since the system hardly scrambles.
2. When tf ∼ ta, the amplitude of commutator CVWWV exponentially grows. Both (∆EL)VWWV and (∆ER)VWWV
synchronously decrease and (∆EI)VWWV increase. During this time, |(∆EL −∆ER)VWWV | is still small.
3. When ta  tf  tb, (∆EL)VWWV keeps dropping, while (∆ER)VWWV in turn increases. Then (∆EL −
∆ER)VWWV start to drop and system R keeps absorbing the energy from system L, which is quite apparent in
Figs. 8(b) and 8(c). (∆EI)VWWV reaches its maximum in this period.
4. When tf ∼ tb, (∆EL)VWWV in turn increases and (∆ER)VWWV increases, whose speeds are low when λ 1.
EI decreases.
5. When tb  tf , all the energies go to some constants, because of the quasinormal decay of commutator CVWWV at
late time [49]. Especially, (∆EI)VWWV is forced to vanish. While the net energy transfer (∆EL−∆ER)VWWV
reaches a negative constant.
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FIG. 8. Left and Middle: The integral kernel (left) (KL(t, t
′))VWWV and (middle) (KR(t, t′))VWWV contributed by CVWWV
as functions of {t, t′} under the interaction (5.1). Dashed curves denote (blue) t + λt′ = 0, (orange) λt + t′ = 0 and (green)
z = z∗ in Eq. (5.14). Parameters are chosen to be ∆ = 1/6, C = 105, β = 2pi and λ = 1.1, 2, 5. Right: The energy changes
contributed by CVWWV as functions of tf , where ti = −20,−15,−15. The global factor g2 is set to be 1.
During the whole process contributed by CVWWV , energy transfers from colder system L to hotter system R,
which exhibits the anomalous heat flow via the wormhole. Note that the final magnitude of the anomalous heat flow
decreases when λ increases from 1, which agrees with the analysis of Renyi entropy in the next section.
Similar to the u-channel in the previous subsection, the amplitude of CVWWV is order 1. Numerically, it is usually
smaller than the contribution of the disconnected-tree diagram, as shown in Fig. 6. In other words, the thermal
diffusion is stronger than the anomalous heat flow. So the total thermodynamic arrow of time cannot be reversed
even at late time.
According to Appendix A, we find that the work done on the local systems vanish as well because one point
functions 〈V 〉 and three points functions 〈V VW 〉 vanish. So the energies change in the way of heat. It agrees with
our terminologies, “thermal diffusion” and “anomalous heat flow”.
Finally, in Appendix C, we show that such anomalous heat flow via wormhole can be constructed in the SYK model
as well since its breaking of conformal symmetry at large N limit is also described by Schwarzian action at low energy.
5.4. An Interpretation from Boundary Theory
According to the AdS/CFT correspondence, the dual system on the boundary are strongly coupled and highly
chaotic. It goes beyond the ordinary realization of anomalous heat flow in weakly coupled or weakly chaotic models
[3, 4, 6] and is relatively difficult to be understood from boundary theory. Here we try to explain. Recall that energy
17
changes highly relay on the form of interaction, which must be taken into consideration. For simplicity, we assume
g > 0.
We first consider interaction HI = gVLWR. So only the disconnected diagrams present. We will explain the
behaviors of kernels (Kγ(t2, t1))discon. for γ = L,R, I, as shown in Fig. 4, which corresponds to the energy change
after the instantaneous deformation ∆H(t) = HI(δ(t− t1) + δ(t− t2)). At time t1, we turn on a potential gVLWR and
then intermediately turn it off. It creates an EPR pair, which is a superposition of all the combinations tending to lower
the value of the potential g 〈VLWR〉. However, it will not change EL+ER, since 〈VLWR〉 initially vanishes on quantum
average. In other words, the first order perturbation vanishes. The EPR pair will interact with other particles on
their own sides and then dissipate when time goes forward, characterized by a dissipation time td which scales as the
inversed temperature βγ on each side. At time t2 > t1, we instantaneously turn on the potential gVLWR again. The
accumulation of the tendency of the EPR pair has lowered g 〈VLWR〉 and leads to (KI(t2, t1))discon. < 0. However,
when t2 − t1  td, the dying EPR pair is unable to lower g 〈VLWR〉, so that g 〈VLWR〉 as well as |(KI(t2, t1))discon.|
return to zero. While (Kγ(t2, t1))discon. is proportional to the power of gVLWR done on system γ at time t2. When
t2 goes from t1 to infinity, the value g 〈VLWR〉 (t2) decrease first and then return to zero, such that its power done on
system γ is positive first and is negative later, which agrees with the tendency of (Kγ(t2, t1))discon.. The hotter the
system is, the faster the decay of the EPR pair. So (KR(t2, t1))discon. becomes negative earlier than (KL(t2, t1))discon..
For the sustained interaction HI = gVLWR, since (∆EI)discon. does not change after td, the difference between the
temperatures leads to a net energy transfer from system R to system L.
Now we consider interaction HI = g(VLWR −WRVL)/
√
2. The analysis of the contribution of the disconnected
diagrams are the same as before. We will focus on kernels (Kγ(t2, t1))VWWV for γ = L,R, I, as shown in Fig. 8,
whose main contribution is near t2 ∼ −t1 = t. We first analysis (KI(t,−t))VWWV when λ = 1. We find
CVWWV (t, t,−t,−t) =Tr [y {W (t), V (−t)} y [W (t), V (−t)]] , (5.19)
(KI(t,−t))VWWV = i~g
2CVWWV (t, t,−t,−t) ~→0−−−→ −g
2
2
〈〈{
W (t)2, V (−t)2}
P
〉〉
, (5.20)
where we have restored ~ and taken the classical limit ~ → 0. So CVWWV (t, t,−t,−t) is just the cross-correlation
between fluctuation and dissipation [52]. {..., ...}P is the Poisson bracket. 〈〈...〉〉 is classical ensemble average. From the
classical limit, we know that (KI(t,−t))VWWV characterize the dissipation of fluctuations, which can be understood
from linear respond.
Consider a classical and highly chaotic system containing N canonical coordinates {xi} (i = 1, ..., N) with zero
average value 〈〈xi〉〉 = 0. The classical model in Ref. [36] is a good example, as discussed in Appendix D. At time t1,
we add an instantaneous potential ∆H(t) = gx21δ(t− t1), which give the system a momentum along the direction of
reducing the fluctuation
〈〈
x21
〉〉
. At t2 > t1, we measure the fluctuation
〈〈
x22
〉〉
. g
〈〈{
x2(t2)
2, x1(t1)
2
}
P
〉〉
characterize
the change of the fluctuation
〈〈
x22
〉〉
at time t2 due to the instantaneous potential at time t1, which is the classical
interpretation of Eq. (5.20) if we identify x1 = V, x2 = W . Since the system is highly chaotic, the fluctuation of xi is
sourced from the noise given by the other (N − 1) canonical coordinates. When the fluctuation of x1 is suppressed
by the instantaneous potential at time t1, we expect that the fluctuation of other xi 6=1 will be suppressed later due
to their interactions with x1. If we only focus on one of them, such as x2, the respond is split into N parts. So
g
〈〈{
x2(t2)
2, x1(t1)
2
}
P
〉〉
is negative and is suppressed by a N−1 factor. Furthermore, since the system is chaotic,
such respond should exponentially grow along time t2− t1. Finally, when t2 goes to infinity, the system should reach a
new equilibration and lose its memory. The final value of fluctuation
〈〈
x22
〉〉
is only dependent on the final equilibrium
state which is determined by the energy of the system after the perturbation ∆H(t). While, the energy at t2 does
not change at linear order, i.e.
〈〈{
H, gx1(t)
2]
}
P
〉〉 ∝ ∂t 〈〈x1(t)2〉〉 = 0. So linear respond g 〈〈{x2(t2)2, x1(t1)2}P 〉〉
should decay to zero, whose time scale scales as the inversed temperature. We summarize the behavior from classical
approximation
(KI(t,−t))VWWV ≈
{
g2N−1e2λLt, early time
g2α1e
−c1t/β , later time
, (5.21)
where coefficients α1, c1 > 0 and Lyapunov exponent λL . 2pi/β for highly chaotic system. The behavior of
(KL,R(t,−t))VWWV can be approximated by the time derivative of −(KI(t,−t))VWWV . So (KL,R(t,−t))VWWV
is negative at early time, becomes positive at later time and vanishes finally. The classical approximation here agrees
with the results in JT gravity (5.11).
Now we consider the case of λ ' 1. The general behaviors of (Kγ(t,−t))VWWV for γ = L,R, I do not change
much. The main difference between (KL(t,−t))VWWV and (KR(t,−t))VWWV is in their time scales. The dissipation
time and the scrambling time of system R are brought forward due to the λ in the temporal argument of Eq. (5.5).
So (KR(t,−t))VWWV becomes positive earlier than (KL(t,−t))VWWV , as shown in Fig. 8(a). These shorter time
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scales advance the dissipation of fluctuation in system R. Recall that (∆EI)VWWV must return to zero finally. So
the integral effect is that system R obtains energy while system L loses energy.
6. ENTROPY CHANGE
6.1. Replica Trick
We will calculate the entropy change at time tf after we turn on an interaction HI at time ti. We will work on
imaginary time first, then do a Wick rotation τ → it and obtain the entropy change as a function of real time. For
the simplicity of notation, we will use imaginary time evolution as follows
O(τ) = eτHOe−τH . (6.1)
Since the bi-systems are in a pure state, the entropies of both sides are the same. So we will only calculate the
entropy of system R. Consider the density matrix of system R at time tf ,
ρ˜R(tf ) = TrL
∣∣∣β˜I(tf )〉〈β˜I(tf )∣∣∣ . (6.2)
where
∣∣∣β˜I(tf )〉 is given in Eq. (4.1). The Renyi entropy and von Neumann entropy of system R can be written as
Sn =
ln Tr[ρ˜R(tf )
n]
1− n =
lnZn − n lnZ
1− n , S = −Tr[ρ˜R(tf ) ln ρ˜R(tf )] = −∂n lnZn + lnZ|n→1, (6.3)
where Zn is the n-replicated partition function and the twisted boundary conditions are applied on system R at time
tf . We define a twist operator Xn, which cyclically permutes the replica index. We can also write the Renyi entropy
of system R as
e(1−n)Sn = Zn/Zn = Tr[ρ˜R(tf )⊗nXn] (6.4a)
=
〈
β˜I(tf )
∣∣∣⊗n (I⊗Xn) ∣∣∣β˜I(tf )〉⊗n (6.4b)
= 〈β|⊗n
{[
T exp
(
−i
∫ tf
ti
dt H˜I(it)
)]†}⊗n
(I⊗Xn)
{
T exp
(
−i
∫ tf
ti
dt H˜I(it)
)}⊗n
|β〉⊗n (6.4c)
= 〈β|⊗n
{
TC exp
(
−
∫
C+
dτ H˜I(τ)
)}⊗n
(I⊗Xn)
{
TC exp
(
−
∫
C−
dτ H˜I(τ)
)}⊗n
|β〉⊗n (6.4d)
where TC is the contour ordering. Contour C− goes from iti + 0− to itf and contour C+ goes from itf to iti + 0+,
namely
C− = {z ∈ Z|z = (iti + 0−)(1− κ) + itfκ, κ ∈ [0, 1]} , (6.5a)
C+ = {z ∈ Z|z = itf (1− κ) + (iti + 0+)κ, κ ∈ [0, 1]} , (6.5b)
whose directions in real time are opposite. In I ⊗Xn, I acts on the n copies of system L, denoted as systems L⊗n,
and Xn acts on systems R
⊗n.
Eq. (6.4d) can help us to write down the path integral on closed time contour. Recall that an operator of system R
(L) acting on the TFD state can be transformed into a corresponding operator of system L (R) acting on the TFD
state. Those operators on the left hand side of I ⊗Xn can go through the channels of systems L⊗n, reach the right
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hand side of Xn and finally become the operators of systems R
⊗n. Taking HI = VLWR as an example, we have
〈β|⊗n
{
TC exp
[
−
n−1∑
a=0
∫
C+
dτVL,a(τ)WR,a(λτ)
]}
(I⊗Xn)
{
TC exp
[
−
n−1∑
a=0
∫
C−
dτVL,a(τ)WR,a(λτ)
]}
|β〉⊗n
(6.6a)
=Tr
[
ρ⊗nXnTC exp
{
−
n−1∑
a=0
[∫
C−
dτWa(λτ)Va(−β
2
− τ) +
∫
C+
dτVa(−β
2
− τ)Wa(−β + λτ)
]}]
(6.6b)
=
〈
TC exp
{
−
n−1∑
a=0
[∫
C−
dτWa(β + λτ)Va(
β
2
− τ) +
∫
C+
dτVa(
β
2
− τ)Wa(λτ)
]}
Xn
〉
⊗n
, (6.6c)
=
〈
TC exp
{
−
n−1∑
a=0
∫
C
dτ1dτ2σ+(τ1, τ2)Va(τ1)Wa(τ2)
}
Xn
〉
⊗n
, (6.6d)
= 〈TC exp (−∆In)〉⊗n , (6.6e)
where 〈...〉⊗n = Tr[ρ⊗n] and
σ+(τ1, τ2) =
∫
C−
dτδ(τ1 − (β
2
− τ))δ(τ2 − (β + λτ)) +
∫
C+
dτδ(τ1 − (β
2
− τ))δ(τ2 − λτ) (6.7)
We let the replica index a begins at 0 for later convenience. The deformation ∆In is non-local. The action is evaluated
on time contour C where the imaginary time goes from 0 to β, as shown in Fig. 9(a), which is covered by a n-sheets
manifold. Due to the contour ordering, the integral along C− is always on the left hand side of the integral along C+.
The twist operator Xn imposes the following twisted boundary conduction
Va(0
−) = Va+1(0+), Wa(0−) = Wa+1(0+), a ∼ a+ n. (6.8)
When n = 1, we have W (β + τ) = W (τ) and ∆In = 0, which agrees with the unitary evolution of TFD state. One
can further unfold the n-sheets manifold in Eq. (6.6) and write the path integral into〈
TCn exp
{
−
n−1∑
a=0
[∫
C−
dτW ((a+ 1)β + λτ)V ((a+
1
2
)β − τ) +
∫
C+
dτV ((a+
1
2
)β − τ)W (aβ + λτ)
]}〉
nβ
, (6.9)
where 〈...〉nβ = Z−nTr[e−nβH ...] and
V (aβ + τ) = Va(τ), W (aβ + τ) = Wa(τ). (6.10)
The action is evaluated on the unfold contour Cn, where the imaginary time goes from 0 to nβ, as shown in Fig. 9(b).
Similar approaches appeared in Refs. [41, 45, 46].
6.2. Entropy at Equilibrium
We will first calculate the entropy at equilibrium by using replica trick. For the Euclidean parameterizations {ϕa(τ)}
with n-sheets in hyperbolic dish, the twisted boundary conditions are
ϕa(β) = ϕa+1(0
−), a ∼ a+ n. (6.11)
It is convenient to introduce a global parameterization f(τ) which satisfies
f(τ + aβ) = ϕa(τ). (6.12)
Without HI , the original replicated effective action In,0 can be written as a function of f(τ)
In,0 = −C
n−1∑
a=0
∫ β
0
dτ
{
tan
ϕa
2
, τ
}
= −C
∫ nβ
0
dτ
{
tan
f
2
, τ
}
. (6.13)
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(a) (b)
FIG. 9. (a) The time contour C in complex plane z = exp(i2pitC/β), where the complex time tC = τ+it is measured by evolution
exp(−tCH). The blue (orange) interval indicates the evolution of system L (R). The black point indicates the twisted operator
Xn. The dashed lines indicate the coupling between the two sides during [ti, tf ]. Thick interval in the upper (lower) half plane
indicates contour C+ (C−). We have chosen −ti = tf and λ = 2 in this figure. So the real time contour of system R is longer
than the one of system L. (b) We unfold the time contour Cn for n = 3 replica in complex plane z1/n = exp(i2pitC/nβ).
The saddle point solution is
fc =
2piτ
nβ
. (6.14)
Then we have
lnZn = S0 +
2pi2C
nβ
, Sn = S0 +
2pi2C(n+ 1)
nβ
, S = S0 +
4pi2C
β
, (6.15)
for nearly extremal case, where S0 = φ0/4G is the extremal entropy contributed by the topological term in Eq. (3.6)
[53]. So C/S0 = φ¯/2piφ0 = α/2pi.
6.3. The entanglement changed by extracting work
Things become complicate when interaction HI is turned on. The change in Renyi entropy ∆Sn is proportional
to the change in replicated generating functional ∆ lnZn, since ∆ lnZ = 0 under unitary evolution. In perturbation
theory, it is reduced to the Feynman diagrams expansion of deformation ∆In, like (6.9), on the saddle point background
(6.14). We have
∆Sn =
∆ lnZn
1− n =
ln
〈
e−∆In
〉
1− n =
〈−∆In〉
1− n + · · · (6.16)
Recall that we have extracted work from the TFD state by applying interaction HI = gOLOR in Section 4. As a
warm-up, we will derive ∆Sn at O(g). From Eq. (6.16), we have
(∆Sn)
(1) =
ign
1− n
∫ tf
ti
dt
[
Gnβ
(
β
2
+ i(t+ λt)
)
−Gnβ
(
β
2
− i(t+ λt)
)]
, (6.17)
Gnβ(τ) = Tr[O(τ)Oρ
n] = 2
(
nβ
pi
sin
piτ
nβ
)−2∆
+O(C−1), 0 < τ < nβ (6.18)
where Gnβ(τ) is the Euclidean two points function at inverse temperature nβ. Then the von Neumann entropy change
is
∆S(1) =
2gβ
λ+ 1
(
β
pi
cosh
(
pi(λ+ 1)t
β
))−2∆∣∣∣∣∣
tf
ti
+O(C−1) (6.19)
which agrees with Eq. (4.5) derived from the first law of entropy. Then the consumption of entanglement by extraction
work in Eq. (4.7) is justified.
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6.4. The entanglement changed by anomalous heat flow
We will calculate the entropy change due to the interaction in Section 5. Due to the special form of interaction
(5.1), the result of the first order perturbation vanishes, and we have to consider the second order perturbation. The
insertions of two HI ’s on the n-sheets time contour have various possibilities. Both time-order and out-of-time-order
correlation functions will appear. Similar to Eq. (6.6), we can write down the deformation ∆In on the original
replicated effective action (6.13) due to interaction HI = g(VLWR −WLVR)/
√
2,
−∆In =− g√
2
n−1∑
a=0
∫
C
dτ1dτ2 σ+(τ1, τ2) [Va(τ1)Wa(τ2)−Wa(τ1)Va(τ2)]− IM,a (6.20a)
=
g2
2
n−1∑
a,b=0
∫
C
dτ1dτ2dτ3dτ4 σ+(τ1, τ2)σ+(τ3, τ4) [G
ϕ
ab(τ1, τ3)G
ϕ
ab(τ2, τ4)−Gϕab(τ1, τ4)Gϕab(τ2, τ3)] (6.20b)
=
g2
2
n−1∑
a,b=0
∫
C
dτ1dτ2dτ3dτ4 σ+(τ1, τ2)σ+(τ3, τ4)[
Gf (aβ + τ1, bβ + τ3)G
f (aβ + τ2, bβ + τ4)−Gf (aβ + τ1, bβ + τ4)Gf (aβ + τ2, bβ + τ3)
]
(6.20c)
where σ+(τ1, τ2) is defined in Eq. (6.7) and
Gϕab(τ1, τ2) = 〈TEVa(τ1)Vb(τ2)〉 = 〈TEWa(τ1)Wb(τ2)〉 = Gf (aβ + τ1, bβ + τ2) (6.21)
Gf (τ1, τ2) = 2
 f ′(τ1)f ′(τ2)(
2 sin f(τ1)−f(τ22 )
)2

∆
. (6.22)
IM,a is the action of the matter fields on the a-th sheet. In Eq. (6.20b), we further integrate out the matter fields in
IM,a which gives the correlation function G
ϕ
ab. Similar to the situation of energy change at O(g
2), the first (second)
term in Eq. (6.20b) comes from the diagonal (cross) terms in H2I . In Eq. (6.20c), we use the global parameterization
(6.12). Contours C− and C+ in Eq. (6.7) are defined in Eq. (6.5). According to Eq. (6.13), the reparameterization
modes around the saddle point solution fc = 2piτ/nβ is the same as the original modes in Eq. (3.11) except that
the inverse temperature is nβ now. We can integrate them out and obtain the expression of the four points function〈
Gf (τ1, τ2)G
f (τ3, τ4)
〉
up to O(C−1), which is the same as the original one derived from the generating functional
(3.17) expect that the inverse temperature is nβ. After integrating out the four times {τ1, τ2, τ3, τ4} with those delta
functions, we obtain the change in Renyi entropy with the form
∆Sn =
〈−∆In〉
1− n +O(g
4) ≈
∫ tf
ti
dt
∫ t
ti
dt′ Yn(t, t′) (6.23)
We have used perturbation theory at O(g2) at large C limit. The double integrals on real time come from the integral
along contours C± in Eq. (6.7). The integral kernel Yn(t, t′) is real and enjoys the symmetric
Yn(t, t
′) = Yn(t′, t) = Yn(−t,−t′). (6.24)
It contains two kinds of four points functions 〈V (τ1)V (τ2)W (τ3)W (τ4)〉nβ (τ1 > τ2 > τ3 > τ4) and 〈V (τ1)W (τ3)V (τ2)W (τ4)〉nβ
(τ1 > τ3 > τ2 > τ4). We can group those terms in Yn(t, t
′) into two parts accordingly, denoted as (Yn(t, t′))V VWW
and (Yn(t, t
′))VWVW . The former is suffered from UV divergence when τ1 → τ2 or τ3 → τ4. So we will introduce
a small separation  to regularized it, such as 〈V (τ1 + )V (τ2)W (τ3 + )W (τ4)〉. While the latter is free from UV
divergence since the situation of τ1 → τ2 or τ3 → τ4 never happen in Eq. (6.20).
Four points functions will be calculated in JT gravity. We will calculate 〈V VWW 〉 by integrating out the reparame-
terization modes at O(C−1) and calculate 〈VWVW 〉 by using eikonal approximation. One can alternatively calculate
〈VWVW 〉 by integrating out the reparameterization modes at O(C−1). The result is closed to the result from eikonal
approximation at early time while it becomes unreliable at late time. For 〈VWVW 〉, we have the property
〈V (it1)W (it3)V (it2)W (it4)〉nβ = 〈W (it4 + nβ)V (it1)W (it3)V (it2)〉nβ = 〈V (it4 + nβ)W (it1)V (it3)W (it2)〉nβ ,
(6.25)
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FIG. 10. Yn(t, t
′) in the region of −|t| < t′ < |t| for n =
2, 3, 4, g = 1, β = 2pi, ∆ = 1/6, C = 105,  = 0.2 and λ = 1.
The rest can be recovered by using the symmetry (6.24).
FIG. 11. Five kinds of regions in (t, t′) plane. (1) UV Sen-
sitive Region. (2) Conformal Region. (3) Dissipation Re-
gion. (4a&4b) Early Time Chaos Region. (5a&5b) Later
Time Chaos Region.
FIG. 12. (Y2(t, t
′))V VWW and (Y2(t, t′))VWVW , where g = 1, β = 2pi, ∆ = 1/6, C = 105,  = 0.2 and λ = 1.
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FIG. 13. (a) Y2(t, t) and (b) Y2(t,−t) as functions of t, where g = 1, β = 2pi, ∆ = 1/6, C = 105,  = 1, 0.5, 0.2, 0.1 and λ = 1.
(a)In Y3(t, t) (b)In Y3(t,−t)
FIG. 14. Two OTOCs in (n = 3)-sheets time contour. The red points and the blue points represent the operators on different
types.
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FIG. 15. (a) Y2(t, t
′), (b) Y2(t, t) and (c) Y2(t,−t) from eikonal approximation (6.26) for λ = 0.5, 0.8, 1, 1.2, 2, g = 1, β =
2pi, ∆ = 1/6, C = 105,  = 0.2.
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FIG. 16. ∆S2 as a function of tf , where ti = −20pi, 0, λ = 0.5, 0.8, 1, 1.2, 2, 5, g = 1, β = 2pi, ∆ = 1/6, C = 105,  = 0.2.
where we have exchanged operators V and W according to the SO(M) symmetry of Eq. (3.6). While the eikonal
approximation on 〈V (t1)W (t3)V (t2)W (t4)〉 in (6.57) of [49] does not maintain the above property. So we adjust the
formula accordingly as follows
〈V (it1)W (it3)V (it2)W (it4)〉nβ
〈V (it1)V (it2)〉nβ 〈W (it3)W (it4)〉nβ
=
(
1
z
)2∆
U
(
2∆, 1,
1
z
)
, z =
i
8C
2 sinh pi(t3+t4−t1−t2)nβ
sinh pi(t1−t2)nβ sinh
pi(t3−t4)
nβ
(6.26)
where we have replaced the exponent by 2 sinh which is valid for both Re[t3+t4−t1−t2] > 0 and Re[t3+t4−t1−t2] < 0.
Those four points functions in kernel Yn(t, t
′) for general n and times are rather complicate. So we are unable to
take the summation
∑n−1
a,b=0 in Eq. (6.20) and find the expression of kernel Yn(t, t
′) as a analytical function of n. It
prevents us from obtaining the change in von Neumann entropy ∆S. However, we still can look at ∆Sn for integer
n ≥ 2 and describe the change in the entanglement between the two systems.
We first analysis the case of λ = 1. The configuration of Yn(t, t
′) is shown in Fig. 10. We also separately draw the
configuration of (Yn(t, t
′))V VWW and (Yn(t, t′))V VWW in Fig. 12. We can find that finally (Yn(t, t′))V VWW goes to
zero due to the quasinormal decay of OTOCs at late time. The characteristic time scales are UV cutoff , dissipation
time td =
β
2pi and scrambling time t∗ =
β
2pi ln
2piC
β . We divides the (t, t
′) plane into several regions according to these
time scales, as shown in Fig. 11.
(1) UV Sensitive Region, |t− t′|   and |t+ t′|  t∗:
The kernel regularized by separation  is UV sensitive. In Fig. 13, we show the dependence on the choice of
separation . We find that Yn(t, t
′) > 0 when t′ → t after such regularization. Such positivity in the UV time
scale also appears even the wormhole is absent in Appendix B and the two sites SYK model in Appendix C,
where the latter has a known UV completion. The increase of Renyi entropy during the interaction between
product states keep the Renyi mutual information positive, although the positivity of Renyi mutual information
does not always hold for general states [54]. In Fig. 13, we further find that when  becomes smaller, the value
of Y2(t, t
′) in the UV time scale has a positive shift.
(2) Conformal Region,  |t− t′|  ntd and |t+ t′|  t∗:
The four points functions are factorized into conformal two points functions, such that Yn(t, t
′) ∼ −|t− t′|−4∆ <
0.
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(3) Dissipation Region, ntd  |t− t′| and |tt′| ∼ 0:
These four points functions are factorized into two points functions at finite temperature, such that the kernel
is dominated by dissipation Yn(t, 0) ∼ −e−2∆|t|/ntd < 0 and Yn(0, t′) ∼ −e−2∆|t′|/ntd < 0.
(4a) Early Time Chaos Region A, ntd  |t| < nt∗ and t ∼ t′:
The kernel contains important terms ∼ −C−1β1−4∆ exp 4pitnβ . So the Renyi entropy Sn will exponentially de-
creases with an exponent 2pit/nβ. It is contributed by the OTOCs in the first term of Eq. (6.20c) as well as the
cross terms in H2I , as illustrated in Fig. 14(a). Such behavior appears during general interactions between the
two sides of the TFD state, as long as the interaction contains a term like VLWR or OLOR.
(4b) Early Time Chaos Region B, ntd  |t| < nt∗ and t ∼ −t′:
The kernel is dominated by terms ∼ −C−1β1−4∆ exp 4pitnβ and the Renyi entropy Sn exponentially decreases with
an exponent 2pit/nβ as well. It is contributed by the OTOCs in the second term of Eq. (6.20c) as well as the
cross terms in H2I , as illustrated in Fig. 14(b). So it will not appear if we adopt HI = gVLWR. Such decrease in
the entropy kernel corresponds to the anomalous heat flow, since both of them appear near t ∼ −t′ and source
from the cross terms in H2I .
(5a) Late Time Chaos Region A, |t| > nt∗ with t ∼ t′:
The kernel saturates at a constant, which is contributed by both -regularized conformal two points functions
and OTOCs, as shown in Fig. 13(a).
(5b) Late Time Chaos Region B, |t| > nt∗ with t ∼ −t′:
Due to the late time decay of (Yn(t, t
′))VWVW , the kernel goes to a negative constant
lim
t→∞Yn(t,−t) = −
2n
n− 1
n−1∑
a=1
〈
V (aβ − it)V (β
2
− it)W ((a+ 1
2
)β + it)W (it)
〉
nβ
= − 8n
n− 1
(
nβ√
2pi
)−4∆ n−1∑
a=1
(
cos
(pi
n
)
− cos
(
2pia
n
))−2∆
+O(C−1)
(6.27)
without UV sensitivity, as shown in Fig. 13(b).
Interestingly, if we first take the late time limit such that (Yn(t, t
′))VWVW dies out as shown in Fig. 12, and then take
the small ∆ limit, we find
lim
∆→0
lim
t,t′→∞
Yn(t, t
′) = −8n. (6.28)
which is negative at n = 1. Then the von Neumann entropy will also decrease at late time and small ∆ limit.
The above two kinds of exponential decrease at early time rely on the existence of wormhole. In Appendix B,
we replace the eternal black hole by two disconnected black holes, where the wormhole is absent. We calculate the
change in Renyi entropy after turining on the interaction, where the former three regions (1)(2)(3) exist, while the
chaos regions (4)(5) disappear and are replaced by dissipation (3).
We discuss the case of general λ. Yn(t, t
′) for different λ are shown in Fig. 15. Yn(t, t) reaches a constant at late
time which is independent from λ; Yn(t,−t) approaches zero from below at late time once λ 6= 1, since those four
points functions contributing to Eq. (6.27) finally die out due to the mismatch between t and λt. We integrate the
kernel and calculate ∆S2 as a function of time, as shown in Fig. 16. In the case of ti ≤ 0, ∆S2 momentarily increases
near tf = 0 due to the positive contribution in UV sensitive region (1). However in other period of time, it generally
decreases. Specially, in the case of −nt∗ < ti ≤ 0, the negative contribution mainly come from chaos regions (4a)(5a).
In the case of ti < −nt∗, the negative contribution mainly come from chaos regions (4)(5). We also check the Renyi
entropy for higher n and similar behaviors are observed.
Recall that the anomalous heat flow in Section 2 appears when tf ∼ t∗ in the case of ti < −t∗ and λ > 1,
basically due to (KL(t, t
′)−KR(t, t′))VWWV < 0 near t ∼ −t′ ∼ t∗. Such agreements on time scale and sign support
our expectation that anomalous heat flow appears with the consumption of entanglement. Furthermore, when λ
increases, the magnitude of the anomalous heat flow become smaller as shown in Fig. 8. It agrees with the suppress
of |Yn(t, t′)| in chaos region (4b)(5b) and the suppress of |∆S2| near tf ∼ t∗, as shown in Fig. 15(c) and Fig. 16(a).
In Appendix C, we calculate the entropy changes for the initial TFD state in the two sites SYK model at early time.
Regions (1)(2)(3)(4a)(4b) also appears. In region (1), at the large-q limit, we can get rid of the cutoff dependence.
In region (4b), the kernel exponentially decreases as well, which agrees with the presence of the anomalous heat flow
in the SYK model. While in region (4a), the kernel exponentially increases, which is different from the case of JT
gravity.
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7. CONCLUSION AND OUTLOOK
Quantum entanglement can be taken as the resource to extract work or transfer energy. In this paper, we extract
the work and study the thermodynamic arrow of time in the presence of wormhole in the AdS/CFT correspondence
and the SYK model, where the field theory description is strongly coupled and highly chaotic. The initial state is
taken to be the eternal black hole in JT gravity or the TFD state in the two sites SYK model. Such kind of states
has two faces: it is highly entangled and local thermal. When some proper interactions between the two sides are
turned on, we discover the anomalous heat flow, which transfers the energy from the colder side to the hotter side
and further investigate its concomitant consumption of entanglement. Due to the property of the local thermal state,
besides the anomalous heat flow, other channels allow the energy diffuses from the hotter side to the colder side. The
former effect reverses the thermodynamic arrow of time while the latter effect obeys it. Finally, within the setup in
this paper, the latter effect wins the game at the perturbation theory. So far, we do not need to generalize the laws
of black hole thermodynamics in the presence of wormhole.
The following issues deserve further investigated in the future.
• The anomalous heat flow in the bulk picture. The energy-momentum tensor will carry the energy transfer in
the bulk, which is deserved to be solved after the interaction is turned on. It might reveal the specific role of
the wormhole in the presence of the anomalous heat flow.
• Go beyond perturbation theory. Since In,0 ∼ N and ∆In ∼ g2 in the main text, we have taken the large N limit
and the small g limit to support the perturbation theory. If we change the scale of ∆In by replacing g
2 → Ng2,
then In,0 and ∆In will have the same scale. One should solve the full backreaction, which is similar to the
eternal traversable wormhole [39] and the geometrical interpretation of the twist operators in the generalized
SYK model [45]. However, it is difficult to handle the highly non-local term in In,0 here. One may have to
consider other interaction HI to maintain the solvability and the anomalous heat flow simultaneously.
• The possibility of reversing the total thermodynamic arrow of time. We scan the reasonable parameters space
satisfying  < β < C in JT gravity but do not observe the reversion of the total thermodynamic arrow of time.
Those disconnected diagrams universally appear for general interactions as long as it containt the term VLWR.
It means that the TFD state is a local thermal state on each side, and thermal diffusion may be unavoidable.
• About black hole evaporation near the Page time. Black hole evaporation is a non-equilibrium process, where
energy transfers from a black hole of finite temperature to empty space of zero temperature [25]. At the Page
time, the Hawking radiation and the remainder black hole are maximally entangled. It is argued that, after some
quantum manipulations on the Hawking radiation, the total system can be transformed into a TFD state [31].
However, even at this time, it does not means that the two local systems have the same temperature. So the
TFD state with unbalanced Hamiltonian considered here captures both of the entanglement and the temperature
gradient between the remaining black hole and the Hawking radiation after the manipulations, where the former
corresponds to the system R and the latter corresponds to system L. Interactions between them can trigger
subsequent evaporation. The calculation in this paper offers a framework to estimate the changes in energy and
entropy of the evaporating black hole near the Page time. If the interaction is HI = VLWR, according to the
analysis of Sections 5 and 6 2 , energy will transfer into the cold space, and the Renyi entropy will decrease at
late time, which agree with the tendency of the Page curve after the Page time [25].
ACKNOWLEDGMENTS
We are grateful to Yu-Sen An, Rong-Gen Cai, Yiming Chen, Johanna Erdmenger, Song He, Shao-Kai Jian, Sang
Pyo Kim, Hong Lu, Li Li, Yue-Zhou Li, Yi Ling, Zi-Wen Liu, Chen-Te Ma, Rene´ Meyer, Aavishkar A. Patel, Yu
Tian, Xiao-Ning Wu and Jiaju Zhang for helpful discussions and correspondence. Z.-Y. Xian is supported in part by
the Natural Science Foundation of China under Grant No. 11847229 and by the National Postdoctoral Program for
2 Although ∆S2 in Fig. 16(b) corresponds to interaction HI = g(VLWR −WLVR), the result corresponding to HI = gVLWR is almost
the same, since the second term of Eq. (6.20) is unimportant when ti = 0.
26
Innovative Talents BX20180318, funded by China Postdoctoral Science Foundation.
[1] J. Gemmer, M. Michel, G. Mahler, “Quantum thermodynamics: emergence of thermodynamic behavior within composite
quantum systems,” 2nd edition, Springer, Heidelberg, New York, 2009; G. Mahler, “Quantum Thermodynamic Processes:
energy and information flow at the nanoscale,” Pan Stanford Publications, Singapore, 2015; F. Binder, et al. “Thermody-
namics in the quantum regime,” Fundamental Theories of Physics, Springer, 2019.
[2] D. Kondepudi, I. Prigogine, “Modern Thermodynamics: From Heat Engines to Dissipative Structures,” (Wiley, New York,
1998); T. Sagawa, “Second law-like inequalities with quantum relative entropy: an introduction,” in: Lectures on Quantum
Computing, Thermodynamics and Statistical Physics, WORLD SCIENTIFIC, 2012: pp. 125190. arXiv:1202.0983 [cond-
mat].
[3] M. Hossein Partovi, “Verschraenkung versus Stosszahlansatz: Disappearance of the Thermodynamic Arrow in a High-
Correlation Environment,” Physical Review E 77, no. 2 (February 11, 2008).
[4] Jennings, David, and Terry Rudolph, “Entanglement and the Thermodynamic Arrow of Time.” Physical Review E 81, no.
6 (June 23, 2010).
[5] S. Lloyd, Z.-W. Liu, S. Pirandola, V. Chiloyan, Y. Hu, S. Huberman, G. Chen, “No energy transport without discord,”
arXiv:1510.05035 [quant-ph]; I. Henao and M. S. Roberto “Role of Quantum Coherence in the Thermodynamics of Energy
Transfer,” Physical Review E 97, no. 6 (June 4, 2018).
[6] K. Micadei, J. P. S. Peterson, A. M. Souza, et al, “Reversing the direction of heat flow using quantum correlations,” Nat
Commun 10, 2456 (2019) [arXiv:1711.03323 [Cond-Mat, Physics:Quant-Ph]]
[7] G. B. Lesovik, I. A. Sadovskyy, M. V. Suslov, A. V. Lebedev and V. M. Vinokur, “Arrow of time and its reversal on the
IBM quantum computer,” Sci. Rep. 9, no. 1, 4396 (2019).
[8] M. N. Bera, A. Riera, M. Lewenstein and A. Winter, “Generalized laws of thermodynamics in the presence of correlations,”
Nature Communications. 8 (2017) 2180.
[9] G. Vitagliano, C. Klckl, M. Huber and N. Friis, “Trade-off Between Work and Correlations in Quantum Thermodynamics,”
arXiv:1803.06884 [quant-ph].
[10] R. Haag, D. Kastler, E.B. Trych-Pohlmeyer, “Stability and equilibrium states”, Commun.Math. Phys. 38 (1974) 173193;
A. Lenard, “Thermodynamical proof of the Gibbs formula for elementary quantum systems,” J Stat Phys. 19 (1978)
575586; W. Pusz, S.L. Woronowicz, “Passive states and KMS states for general quantum systems,” Commun.Math. Phys.
58 (1978) 273290.
[11] M. Perarnau-Llobet, K. V. Hovhannisyan, M. Huber, P. Skrzypczyk, N. Brunner and A. Acn, “Extractable Work from
Correlations,” Phys. Rev. X. 5 (2015) 041011.
[12] F. Brando, M. Horodecki, N. Ng, J. Oppenheim, S. Wehner, “The second laws of quantum thermodynamics,” Proceedings
of the National Academy of Sciences. 112 (2015) 32753279. arXiv:1305.5278 [quant-ph].
[13] S. Alipour, F. Benatti, F. Bakhshinezhad, M. Afsary, S. Marcantoni, A.T. Rezakhani, “Correlations in quantum thermo-
dynamics: Heat, work, and entropy production,” Sci Rep. 6 (2016) 35568. arXiv:1606.08869 [quant-ph]
[14] M. Huber, M. Perarnau-Llobet, K. V. Hovhannisyan, P. Skrzypczyk, C. Klckl, N. Brunner and A. Acn, “Thermodynamic
cost of creating correlations,” New J. Phys. 17 (2015) 065008.
[15] D. E. Bruschi, M. Perarnau-Llobet, N. Friis, K. V. Hovhannisyan, M. Huber, “The thermodynamics of creating correlations:
Limitations and optimal protocols,” Physical Review E. 91 (2015) 032118.
[16] N. Friis, M. Huber, M. Perarnau-Llobet, “Energetics of correlations in interacting systems,” Phys. Rev. E. 93 (2016)
042135.
[17] W. Pusz, S.L. Woronowicz, “Passive states and KMS states for general quantum systems,” Commun.Math. Phys. 58 (1978)
273290.
[18] A. Lenard, “Thermodynamical proof of the Gibbs formula for elementary quantum systems,” J Stat Phys. 19 (1978)
575586.
[19] L. Susskind, “The World as a hologram,” J. Math. Phys. 36, 6377 (1995) [hep-th/9409089].
[20] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Int. J. Theor. Phys. 38, 1113
(1999) [Adv. Theor. Math. Phys. 2, 231 (1998)] [hep-th/9711200]; E. Witten, “Anti-de Sitter space and holography,” Adv.
Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory
correlators from noncritical string theory,” Phys. Lett. B 428, 105 (1998) [hep-th/9802109].
[21] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602
(2006) [hep-th/0603001]; T. Faulkner, A. Lewkowycz and J. Maldacena, “Quantum corrections to holographic entanglement
entropy,” JHEP 1311, 074 (2013) [arXiv:1307.2892 [hep-th]]; A. Lewkowycz and J. Maldacena, “Generalized gravitational
entropy,” JHEP 1308, 090 (2013) [arXiv:1304.4926 [hep-th]].
[22] J. Polchinski, “The Black Hole Information Problem,” arXiv:1609.04036 [hep-th].
[23] D. Harlow, “Jerusalem Lectures on Black Holes and Quantum Information,” Rev. Mod. Phys. 88, 015002 (2016)
[arXiv:1409.1231 [hep-th]].
[24] D. N. Page, “Average entropy of a subsystem,” Phys. Rev. Lett. 71, 1291 (1993) [gr-qc/9305007].
[25] D. N. Page, “Time Dependence of Hawking Radiation Entropy,” JCAP 1309, 028 (2013) [arXiv:1301.4995 [hep-th]].
[26] W. Israel, “Thermo field dynamics of black holes,” Phys. Lett. A 57, 107 (1976).
27
[27] L. Susskind, L. Thorlacius and J. Uglum, “The Stretched horizon and black hole complementarity,” Phys. Rev. D 48, 3743
(1993) [hep-th/9306069].
[28] J. M. Maldacena, “Eternal black holes in anti-de Sitter,” JHEP 0304, 021 (2003) [hep-th/0106112].
[29] M. Van Raamsdonk, “Building up spacetime with quantum entanglement,” Gen. Rel. Grav. 42, 2323 (2010) [Int. J.
Mod. Phys. D 19, 2429 (2010)] [arXiv:1005.3035 [hep-th]]; M. Van Raamsdonk, “Lectures on Gravity and Entanglement,”
arXiv:1609.00026 [hep-th].
[30] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, “Black Holes: Complementarity or Firewalls?,” JHEP 1302, 062 (2013)
[arXiv:1207.3123 [hep-th]]; A. Almheiri, D. Marolf, J. Polchinski, D. Stanford and J. Sully, “An Apologia for Firewalls,”
JHEP 1309, 018 (2013) [arXiv:1304.6483 [hep-th]].
[31] J. Maldacena and L. Susskind, “Cool horizons for entangled black holes,” Fortsch. Phys. 61, 781 (2013) [arXiv:1306.0533
[hep-th]].
[32] K. Sfetsos, “On gravitational shock waves in curved space-times,” Nucl. Phys. B 436, 721 (1995) [hep-th/9408169];
Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP 0810, 065 (2008) [arXiv:0808.2096 [hep-th]]; S. H. Shenker and
D. Stanford, “Black holes and the butterfly effect,” JHEP 1403, 067 (2014) [arXiv:1306.0622 [hep-th]]. S. H. Shenker and
D. Stanford, “Multiple Shocks,” JHEP 1412, 046 (2014) [arXiv:1312.3296 [hep-th]]; D. A. Roberts and D. Stanford, “Two-
dimensional conformal field theory and the butterfly effect,” Phys. Rev. Lett. 115, no. 13, 131603 (2015) [arXiv:1412.5123
[hep-th]]; A. Kitaev. “Hidden correlations in the Hawking radiation and thermal noise,” 2015. KITP seminar, Feb. 12.
http://online.kitp.ucsb.edu/online/joint98/kitaev; J. Maldacena, S. H. Shenker and D. Stanford, “A bound on chaos,”
JHEP 1608, 106 (2016) [arXiv:1503.01409 [hep-th]].
[33] S. H. Shenker and D. Stanford, “Stringy effects in scrambling,” JHEP 1505, 132 (2015) [arXiv:1412.6087 [hep-th]].
[34] P. Hayden and J. Preskill, “Black holes as mirrors: Quantum information in random subsystems,” JHEP 0709, 120 (2007)
[arXiv:0708.4025 [hep-th]].
[35] P. Gao, D. L. Jafferis and A. Wall, “Traversable Wormholes via a Double Trace Deformation,” JHEP 1712, 151 (2017)
[arXiv:1608.05687 [hep-th]].
[36] J. Maldacena, D. Stanford and Z. Yang, “Diving into traversable wormholes,” Fortsch. Phys. 65, no. 5, 1700034 (2017)
[arXiv:1704.05333 [hep-th]].
[37] P. Gao and H. Liu, “Regenesis and quantum traversable wormholes,” JHEP 1910, 048 (2019)
doi:10.1007/JHEP10(2019)048 [arXiv:1810.01444 [hep-th]].
[38] L. Susskind and Y. Zhao, “Teleportation through the wormhole,” Phys. Rev. D 98, no. 4, 046016 (2018)
doi:10.1103/PhysRevD.98.046016 [arXiv:1707.04354 [hep-th]].
[39] J. Maldacena and X. L. Qi, “Eternal traversable wormhole,” arXiv:1804.00491 [hep-th].
[40] A. M. Garca-Garca, T. Nosaka, D. Rosa and J. J. M. Verbaarschot, “Quantum chaos transition in a two-site Sachdev-
Ye-Kitaev model dual to an eternal traversable wormhole,” Phys. Rev. D 100, no. 2, 026002 (2019) [arXiv:1901.06031
[hep-th]].
[41] Y. Chen and P. Zhang, “Entanglement Entropy of Two Coupled SYK Models and Eternal Traversable Wormhole,” JHEP
1907, 033 (2019) [arXiv:1903.10532 [hep-th]].
[42] A. Kitaev, “A simple model of quantum holography”, Talks at KITP on April 7, 2015 and May 27,
2015. http://online.kitp.ucsb.edu/online/entangled15/kitaev/, http://online.kitp.ucsb.edu/online/entangled15/kitaev2;
S. Sachdev and J. Ye, “Gapless spin fluid ground state in a random, quantum Heisenberg magnet,” Phys. Rev. Lett.
70, 3339 (1993) [cond-mat/9212030]; S. Sachdev, “Bekenstein-Hawking Entropy and Strange Metals,” Phys. Rev. X 5, no.
4, 041025 (2015) [arXiv:1506.05111 [hep-th]];
[43] J. Maldacena and D. Stanford, “Remarks on the Sachdev-Ye-Kitaev model,” Phys. Rev. D 94, no. 10, 106002 (2016)
[arXiv:1604.07818 [hep-th]].
[44] A. Kitaev and S. J. Suh, “The soft mode in the Sachdev-Ye-Kitaev model and its gravity dual,” JHEP 1805, 183 (2018)
[arXiv:1711.08467 [hep-th]].
[45] Y. Gu, A. Lucas and X. L. Qi, “Spread of entanglement in a Sachdev-Ye-Kitaev chain,” JHEP 1709, 120 (2017)
[arXiv:1708.00871 [hep-th]].
[46] A. Goel, H. T. Lam, G. J. Turiaci and H. Verlinde, “Expanding the Black Hole Interior: Partially Entangled Thermal
States in SYK,” JHEP 1902, 156 (2019) [arXiv:1807.03916 [hep-th]].
[47] W. Cottrell, B. Freivogel, D. M. Hofman and S. F. Lokhande, “How to Build the Thermofield Double State,” JHEP 1902,
058 (2019) [arXiv:1811.11528 [hep-th]].
[48] A. Almheiri and J. Polchinski, “Models of AdS2 backreaction and holography,” JHEP 1511, 014 (2015) [arXiv:1402.6334
[hep-th]]; K. Jensen, “Chaos in AdS2 Holography,” Phys. Rev. Lett. 117, no. 11, 111601 (2016) [arXiv:1605.06098 [hep-th]];
J. Engelsy, T. G. Mertens and H. Verlinde, “An investigation of AdS2 backreaction and holography,” JHEP 1607, 139
(2016) [arXiv:1606.03438 [hep-th]];
[49] J. Maldacena, D. Stanford and Z. Yang, “Conformal symmetry and its breaking in two dimensional Nearly Anti-de-Sitter
space,” PTEP 2016, no. 12, 12C104 (2016) [arXiv:1606.01857 [hep-th]].
[50] E. Kiritsis, “Product CFTs, gravitational cloning, massive gravitons and the space of gravitational duals,” JHEP 0611,
049 (2006) [hep-th/0608088]; S. K. Jian, Z. Y. Xian and H. Yao, “Quantum criticality and duality in the Sachdev-Ye-
Kitaev/AdS2 chain,” Phys. Rev. B 97, no. 20, 205141 (2018) [arXiv:1709.02810 [hep-th]].
[51] E. Alfinito and G. Vitiello, “Double universe and the arrow of time,” J. Phys. Conf. Ser. 67, 012010 (2007).
[52] N. Tsuji, T. Shitara and M. Ueda, “Out-of-time-order fluctuation-dissipation theorem,” Phys. Rev. E 97, no. 1, 012101
(2018) [arXiv:1612.08781 [cond-mat.stat-mech]].
[53] T. Azeyanagi, T. Nishioka and T. Takayanagi, “Near Extremal Black Hole Entropy as Entanglement Entropy via
28
AdS(2)/CFT(1),” Phys. Rev. D 77, 064005 (2008) [arXiv:0710.2956 [hep-th]].
[54] A. Teixeira, A. Matos, L. Antunes, “Conditional Renyi Entropies,” IEEE Trans. Inform. Theory. 58 (2012) 42734277.
[55] C. Liu, X. Chen and L. Balents, “Quantum Entanglement of the Sachdev-Ye-Kitaev Models,” Phys. Rev. B 97, no. 24,
245126 (2018) [arXiv:1709.06259 [cond-mat.str-el]].
Appendix A: Define work and heat
We review the definitions of work and heat in Ref. [13], which treat the two systems equally. One can divided the
state of bi-systems into non-correlated part and correlated part at time t,
ρ(t) = ρL(t)⊗ ρR(t) + χ(t). (A.1)
The infinitesimal change in local energy can be divided into work and heat
dEγ(t) = dWγ(t) + dQγ(t), γ = L,R. (A.2)
By introducing two auxiliary parameters αL and αR = 1− αL, one can rearranges the total Hamiltonians as
Htot =H
eff
L (t) +H
eff
R (t) +H
eff
I (t), (A.3)
Heffγ (t) =Hγ + Trγ¯ [ργ¯(t)HI ]− αγTr[ρL(t)⊗ ρR(t)HI ]. (A.4)
One can define the so-called binding energy according to the correlation and the interaction
UI = Tr[χ(t)H
eff
I (t)]. (A.5)
Work and heat are defined as
dWL(t) =− dWR(t) = −αLTr[dρL(t)⊗ ρR(t)HI ] + αRTr[ρL(t)⊗ dρR(t)HI ], (A.6a)
dQγ(t) =− iTr
[
χ(t)[Heffγ (t), HI ]
]
dt, (A.6b)
which satisfy
dWL(t) + dWR(t) = 0, dQL(t) + dQR(t) + dUI(t) = 0. (A.7)
The two parameters αL, αR should be determined by the relation between the pseudo-temperature and the equi-
librium temperature in Ref. [13]. However, in the models of this paper, the term Tr[ρL(t)⊗ ρR(t′)HI ] vanishes at the
first and second orders perturbation. So, the effect of the two parameters and the work done on the local systems
vanish.
Appendix B: Interaction between two disconnected black holes
We consider the unbalanced Hamiltonian H˜0 and prepare a product of thermal state ρ = τ(β)⊗ τ(β/λ) in CFTL⊗
CFTR, which is dual to two disconnected black holes living in two disconnected AdS2 spaces [50]. Similarly, we
consider that in each space there is dialton-gravity described by JT term and some free matter fields
I0 =IL + IR,
Iγ =− 1
16piGN
[∫
d2x
√
gγφγ(Rγ + 2) + 2
∫
∂
dx
√
hγφγ,∂Kγ
]
−
∫
d2x
√
gγ
[
(∂χγ)
2 +m2∂χ2γ
]
, γ = L,R
(B.1)
where the topology terms are omitted. As shown in the main text, the dynamic of the system R in unbalanced H˜0
can be obtained by redefined the time of the system R in balanced H0. The boundary conductions are
ds2∂,L =
1
2
dτ2, φ∂,L =
φ¯

ds2∂,R =
λ2
2
dτ2, φ∂,R =
φ¯/λ
/λ
(B.2)
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Furthermore, at low energy limit, each Sγ with scalar source Jγ,i is reduced to a Schwarzian action plus the generating
function
Ieff =− C
∫
dτ1 {µL, τ1} −
∫
dτ1dτ2JL(τ1)JL(τ2)
[
µ′L(τ1)µ
′
L(τ2)
(µL(τ1)− µL(τ2))2
]∆
− C
λ
∫
dτ1 {µR, τ1} −
∫
dτ1dτ2JR(τ1)JR(τ2)
[
µ′R(λτ1)µ
′
R(λτ2)
(µR(λτ1)− µR(λτ2))2
]∆ (B.3)
When Jγ = 0, the on-shell solutions with different temperatures are
µL = tan
piτ
β
, µR = tan
piλτ
β
. (B.4)
Real time is obtain by Wick rotation µ → iν and τ → it. So far, the LL and RR correlations here are the same as
those of the TFD state in the main text.
After turning on the interaction HI = gOLOR, we find that the O(g
1) contribution vanishes because of 〈OLOR〉 = 0.
At O(g2), since the four points function is factorized 〈OLOROLOR〉 = 〈OLOL〉 〈OROR〉, the energy changes are
contributed by the diagrams 3(a) and 3(b), whose kernel are
KL(t, t
′) = −Gβ(−i∆tλ)G′β(−i∆t)−Gβ(i∆tλ)G′β(i∆t), (B.5)
KR(t, t
′) = −Gβ(−i∆t)G′β(−i∆tλ)−Gβ(i∆t)G′β(i∆tλ). (B.6)
Our calculation in the main text already tell us that ∆EL + ∆ER ≥ 0 and ∆EL −∆ER ≥ 0. Same things happen
if we alternatively consider interaction HI = gVLWR or HI = g(VLWR −WLVR)/
√
2. Since 〈VW 〉 = 0, in both of
cases, we find 〈HIHI〉 = g2 〈VLVL〉 〈WRWR〉 and only diagrams 3(a) and 3(b) are left.
In the following, we will calculate entropy change by using replica trick. Now the entropy change of system L
may not be the same as the one of system R since the total system is not a pure state anymore. We will use the
parameterization µγ,a = tan
ϕγ,a
2 and ϕγ,a ∼ ϕγ,a + 2pi. Similar to the method in Section 6, Renyi entropy Sn,R of
system R can be written as
e(1−n)Sn,R =Tr
[{
TC exp
(
−
∫
C−
dτ H˜I(τ)
)}⊗n
(ρ⊗ ρ)⊗n
{
TC exp
(
−
∫
C+
dτ H˜I(τ)
)}⊗n
(I⊗Xn)
]
(B.7a)
=Tr
[
(ρ⊗ ρ)⊗n
{
TC exp
(
−
∫
C−
dτ H˜I(τ + β)−
∫
C+
dτ H˜I(τ)
)}⊗n
(I⊗Xn)
]
(B.7b)
=Tr
[
(ρ⊗ ρ)⊗nTC exp
(
−
∑
a
∫
C
dτ1dτ2 σ(τ1, τ2)VL,a(τ1)WR,a(τ2)
)
(I⊗Xn)
]
(B.7c)
where, at the last step, we take the interaction term to be HI = gVLWR and
σ(τ1, τ2) =
∫
C−
dτδ(τ1 − (β + τ))δ(τ2 − (β + λτ)) +
∫
C+
dτδ(τ1 − τ)δ(τ2 − λτ), (B.8)
contours C± are defined in Eq. (6.5) and contour C goes from 0 to β through C∓, as shown in Fig. 17. The
twisted boundary conductions are only applied on system R, leading to boundary conditions OL,a(β) = OL,a(0
−) and
OR,a(β) = OR,a+1(0
−) for any scalar operator O in the path integral of action In = In,0 + ∆In. The undeformed
replicated effective action In,0 can be written as
In,0 =− C
n−1∑
a=0
∫ β
0
dτ
{
tan
ϕL,a
2
, τ
}
− C
n−1∑
a=0
∫ β
0
dτ
{
tan
ϕR,a
2
, τ
}
(B.9a)
=− C
n−1∑
a=0
∫ β
0
dτ
{
tan
ϕL,a
2
, τ
}
− C
∫ nβ
0
dτ
{
tan
fR
2
, τ
}
(B.9b)
where fR(τ + aβ) = ϕR,a(τ). The saddle point solution is φL,a,c = 2piτ/β, fR,c = 2piτ/nβ. The deformation on
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effective action up to O(g2) is
−∆In =− g
n−1∑
a=0
∫
C
dτ1dτ2 σ(τ1, τ2)VL,a(τ1)WR,a(τ2)− IM,L,a − IM,R,a (B.10a)
=
g2
2
n−1∑
a=0
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)G
ϕL,a
aa (τ1, τ3)G
ϕR,a
aa (τ2, τ4) (B.10b)
=
g2
2
n−1∑
a=0
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)G
ϕL,a
aa (τ1, τ3)G
fR(aβ + τ2, aβ + τ4) (B.10c)
=
ng2
2
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)G
ϕL(τ1, τ3)G
fR(τ2, τ4) (B.10d)
where G
ϕL,a
aa , G
ϕR,a
aa , GfR are defined in Eqs. (6.21) and (6.22). IM,γ,a is the action of the matter fields in the γ AdS2
space on the a-th sheet. In Eq. (B.10b), we have used G
ϕL,a
ab (τ1, τ2) = δabG
ϕL,a
aa (τ1, τ2), since the different sheets of
system L are disconnected. In Eq. (B.10d), we have used the translational symmetry on τ and let G
ϕL,a
aa (τ1, τ2) =
GϕL(τ1, τ2). If the interaction is HI = g(VLWR −WLVR)/
√
2, we have
−∆In = g√
2
n−1∑
a=0
∫
C
dτ1dτ2 σ(τ1, τ2)(VL,a(τ1)WR,a(τ2)−WL,a(τ1)VR,a(τ2))− IM,L,a − IM,R,a (B.11a)
=
g2
2
n−1∑
a=0
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)G
ϕL,a
aa (τ1, τ3)G
ϕR,a
aa (τ2, τ4) (B.11b)
and the final result is the same. The calculation of Renyi entropy Sn,L of system L is paralleled to above calculation.
Finally, the change in Renyi entropy at O(g2) is a double integral (6.23) as well. Since the GϕL and GfR in
Eq. (B.10d) are uncorrelated with each other, the integral kernel Yn,γ(t, t
′) is factorized into
Yn,L(t, t
′) =
n
n− 1 (Gnβ(+ i∆t)Gβ(+ iλ∆t)−Gnβ(β − + i∆t)Gβ(− iλ∆t)) + (∆t↔ −∆t), (B.12)
Yn,R(t, t
′) =
n
n− 1 (Gβ(+ i∆t)Gnβ(+ iλ∆t)−Gβ(− i∆t)Gnβ(β − + iλ∆t)) + (∆t↔ −∆t), (B.13)
∆t = t− t′,
where Gnβ is given in Eq. (6.18). Yn,γ(t, t
′) has the similar UV sensitivities as the eternal black hole in Section 6.
Above formula is analytical in n, so we can take the n→ 1 limit and obtain the change in the von Neumann entropy,
whose kernels are
Y1,L(t, t
′) = −β (Gβ(−i∆tλ)G′β(−i∆t) +Gβ(i∆tλ)G′β(i∆t)) , (B.14)
Y1,R(t, t
′) = −β (Gβ(−i∆t)G′β(−i∆tλ) +Gβ(i∆t)G′β(i∆tλ)) . (B.15)
The configurations of kernel Yn(t, t
′) are shown in Fig. 18. By comparing Eq. (B.5) with Eq. (B.14) or comparing
Fig. 4 with Fig. 18, we find that the energy-entropy inequalities (2.2) are saturated at O(g2) for the initial product
state.
Appendix C: Energy and Entropy in the two sites SYK Model
1. TFD state in the two sites SYK model
We will investigate similar phenomenon in the two sites SYK model in parallel. The local Hamiltonian of the SYK
model is a random q-body interaction within N Majorana fermions [42]
H = iq/2
∑
1≤j1<j2<...<jq≤N
Jj1j2...jqψ
j1ψj2 ...ψjq , (C.1)
〈
J2j1j2...jq
〉
=
2q−1J2(q − 1)!
qNq−1
(no sum) (C.2)
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FIG. 17. The time contour C in complex plane z = exp(i2pitC/β) for initial product state, where the complex time tC = τ + it
is measured by evolution exp(−tCH). The blue (orange) contour indicates the evolution of system L (R). The black point
indicates the twisted operator Xn. The dashed lines indicate the coupling between the two sides during [ti, tf ], where ti < 0 < tf .
Thick interval in the upper (lower) half plane indicates contour C+ (C−). We choose λ = 2 here.
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FIG. 18. The configuration of Yn(t, t
′) as a function of t − t′ and ∆Sn as a function of tf − ti for the product state in JT
gravity, where n = 1, 2, 3, 4, g = 1, β = 2pi, ∆ = 1/6, C = 105,  = 0.2 and λ = 2. Solid (Dashed) lines correspond to system L
(R). The entropy changes for the product state in the two sites SYK model are the same.
where q ≥ 4 and N is even. The effective action is [43]
I0
N
=
1
2
ln det(∂τ − Σ)− 1
2
∫∫
dτ1dτ2
[
Σ(τ1, τ2)G(τ1, τ2)− J
2
q
G(τ1, τ2)
q
]
, (C.3)
where G(τ1, τ2) =
1
N
∑
i
〈TEψi(τ1)ψi(τ2)〉. At the limit N  βJ  1, the saddle point solution is Gc(τ1, τ2) =
b
(
Jβ
pi sin
pi(τ1−τ2)
β
)−2∆
where scaling dimension ∆ = [φi] = 1/q and coefficient b
qpi = ( 12 −∆) tan(pi∆). The extremal
entropy is S0 = α0N where the constant α0 is a function of q [43]. The leading UV correction is reparameterization
G(τ1, τ2) = [f
′(τ1)f ′(τ2)]∆Gc(f(τ1), f(τ2)) controlled by Schwarzian derivative
Ieff = −NαSJ
∫
dτ {f, τ} (C.4)
where J = √qJ2(1−q)/2 and the constant αS is determined by numerical calculation [43, 44]. The SL(2, R) symmetry
of the ground state is fL → afL+bcfL+d , fR →
afR+b
cfR+d
, with ad − bc = 1. We can give a correspondence between the
parameters in JT gravity and the SYK model by matching their effective actions and the extremal entropy
1
q
= ∆,
NαS
J = C,
αS
α0J =
α
2pi
(C.5)
We consider two sites SYKL and SYKR consisted of two copies of N Majorana fermions
{
ψiL
}
and
{
ψiR
}
. We first
consider the balanced Hamiltonian [39, 45]
H0 = HL +HR, HL = H ⊗ 1, HR = 1⊗HT , (C.6)
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where the transpose is taken on a basis {|Ψ〉}. Those coupling Jj1j2...jq in HL and HR are the same. So the disordering
of SYKL and SYKR are correlated. Given such a basis {|Ψ〉}, we construe state
|I〉 =
∑
Ψ
|Ψ〉L |Ψ〉R , (C.7)
which satisfies (HL −HR) |I〉 = 0 automatically. We specify the basis by imposing [45]
(ψjL + iψ
j
R) |I〉 = 0, j = 1, 2, ..., N. (C.8)
One can find HT = H in this basis. The TFD state at t = 0 is obtained from the Euclidean evolution of |I〉
|β〉 = Z−1/2β e−β(HL+HR)/4 |I〉 . (C.9)
By using Eq. (C.8), the two points function evaluated on the TFD state can be transformed into 〈β|ψjL(t1)ψkR(t2) |β〉 =
iTr[yψj(−t1)yψk(t2)], where y = Z−1/2e−βH/2 and Tr[O] ≡ TrR[OR].
Similar to the main text, we further consider the unbalanced Hamiltonian
H˜0 = HL + H˜R, H˜R = λHR, (C.10)
on the two sites SYK model. The TFD state which evolves with H˜0 is
∣∣∣β˜(t)〉 = e−iH˜0t |β〉. It is equivalent to redefine
the time of SYKR.
2. Anomalous Heat Flow
To construe the anomalous heat flow in the two sites SYK model, we turn on the following interaction after ti,
HI = i
N∑
j,k=1
gjkψ
j
Lψ
k
R, (C.11)
gjk = gkj , 〈gjkglm〉 = N−2g2(δjlδkm + δjmδkl). (C.12)
At large N limit, the energy changes at tf are
∆EL =(−i)3g2N−2
∑
jk
∫ tf
ti
dt
∫ t
ti
dt′
〈
[ψ˙jL(t)ψ
k
R(λt), ψ
j
L(t
′)ψkR(λt
′)]
〉
+
〈
[ψ˙jL(t)ψ
k
R(λt), ψ
k
L(t
′)ψjR(λt
′)]
〉
=2g2N−2Im
∑
jk
∫ tf
ti
dt
∫ t
ti
dt′Tr[ψj(−t′)ψ˙j(−t)yψk(λt)ψk(λt′)y] + Tr[ψk(−t)ψ˙j(−tf )yψk(λtf )ψj(λt)y],
(C.13a)
∆ER =(−i)3g2N−2λ
∑
jk
∫ tf
ti
dt
∫ t
ti
dt′
〈
[ψjL(t)ψ˙
k
R(λt), ψ
j
L(t
′)ψkR(λt
′)]
〉
+
〈
[ψjL(t)ψ˙
k
R(λt), ψ
k
L(t
′)ψjR(λt
′)]
〉
=2g2N−2λIm
∑
jk
∫ tf
ti
dt
∫ t
ti
dt′Tr[ψj(−t′)ψj(−t)yψ˙k(λt)ψk(λt′)y] + Tr[ψk(−t′)ψj(−t)yψ˙k(λt)ψj(λt′)y],
(C.13b)
∆EI =− i3g2N−2
∑
jk
∫ tf
ti
dt
〈
[ψjL(tf )ψ
k
R(λtf ), ψ
j
L(t)ψ
k
R(λt)]
〉
+
〈
[ψjL(tf )ψ
k
R(λtf ), ψ
k
L(t)ψ
j
R(λt)]
〉
=2g2N−2Im
∑
jk
∫ tf
ti
dtTr[ψj(−t)ψj(−tf )yψk(λtf )ψk(λt)y] + Tr[ψk(−t)ψj(−tf )yψk(λtf )ψj(λt)y], (C.13c)
where ψjγ(t) = e
itHγψjγe
−itHγ (γ = L,R), ψj(t) = eitHψje−itH and y = Z−1/2e−βH/2. Above equations have the
same form as Eq. (5.5) 3. The disconnected four points functions are fixed by conformal symmetry and the leading
3 Exchanging the two fermions in the second term will give a minus sign.
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contribution of the connected four points functions at early time are fixed by the effective action (C.4). So the
energies change at early time here are the same as these in nearly AdS2. The anomalous heat flow in the SYK model
is contributed by the second term in Eq. (C.13).
If we consider an initial product state in the two sites SYK model and turn on the same interaction (C.11), similar
to Section. B, only the first term in Eq. (C.13) left.
To calculate the change in Renyi entropy ∆Sn, we apply replica trick on system R. We will alternately use imaginary
time ψ(τ) = eτHψe−τH below. Similar to Eq. (6.6), for interaction (C.11), we have
e(1−n)Sn
= 〈β|⊗n
TC exp
−i∑
a,jk
∫
C+
dτgjkψ
j
L,a(τ)ψ
k
R,a(λτ)
 (I⊗Xn)
TC exp
−i∑
a,jk
∫
C−
dτgjkψ
j
L,a(τ)ψ
k
R,a(λτ)
 |β〉⊗n
(C.14a)
=Tr
ρ⊗nXnTC exp
∑
a,jk
[∫
C−
dτgjkψ
k
a(λτ)ψ
j
a(−
β
2
− τ) +
∫
C+
dτgjkψ
j
a(−
β
2
− τ)ψka(−β + λτ)
]
 (C.14b)
=
〈
TC exp
−∑
a,jk
[∫
C−
dτgjkψ
j
a(
β
2
− τ)ψka(β + λτ)−
∫
C+
dτgjkψ
j
a(
β
2
− τ)ψka(λτ)
]Xn
〉
⊗n
(C.14c)
=
〈
TC exp
−∑
a,jk
∫
C
dτ1dτ2σ−(τ1, τ2)gjkψja(τ1)ψ
k
a(τ2)
Xn
〉
⊗n
, (C.14d)
where
σ−(τ1, τ2) =
∫
C−
dτδ(τ1 − (β
2
− τ))δ(τ2 − (β + λτ))−
∫
C+
dτδ(τ1 − (β
2
− τ))δ(τ2 − λτ). (C.15)
In the finally expression, twist operator Xn is located at a time τ∗ which is infinitesimally lesser than 0. It imposes
the relations
ψja(τ
−
∗ ) = ψ
j
a+1(τ
+
∗ ), ∀a = 0, 1, ..., n− 1, (ψjn = ψj0). (C.16)
We write down the replicated action, integrate out the disorder and introduce the bi-local field Gab(τ1, τ2) =
N−1
∑
j
〈
TEψja(τ1)ψjb(τ2)
〉
and Legendre multiplier Σab(τ1, τ2),
Zn =
∫ ∏
j,a
Dψjae−In[ψ] =
∫ ∏
ab
DGabDΣabe−In[G,Σ], (C.17)
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where
− In
=
n−1∑
a=0
∫
C
dτ
−1
2
∑
j
ψja(τ)∂τψ
j
a(τ) + i
q/2
∑
j1<j2<...<jq
Jj1j2...jqψ
j1
a (τ)ψ
j2
a (τ)...ψ
jq
a (τ)

−
∑
a,jk
∫
C
dτ1dτ2σ−(τ1, τ2)gjkψja(τ1)ψ
k
a(τ2) (C.18a)
=− 1
2
∑
a,j
∫
C
dτψja(τ)∂τψ
j
a(τ) +
J2
2qNq−1
∑
ab,j1<j2<...<jq
∫
C
dτ1dτ2ψ
j1
a (τ1)ψ
j1
b (τ2)ψ
j2
a (τ1)ψ
j2
b (τ2)...ψ
jq
a (τ1)ψ
jq
b (τ2)
+
g2
2N2
∑
ab,jk
∫
C
dτ1dτ2dτ3dτ4 σ−(τ1, τ2)σ−(τ3, τ4)
[
ψja(τ1)ψ
k
a(τ2)ψ
j
b(τ3)ψ
k
b (τ4) + ψ
j
a(τ1)ψ
k
a(τ2)ψ
k
b (τ3)ψ
j
b(τ4)
]
(C.18b)
=
N
2
ln det(∂τδab − Σab)− N
2
∑
ab
∫
C
dτ1dτ2
[
Σab(τ1, τ2)Gab(τ1, τ2)− J
2
q
Gab(τ1, τ2)
q
]
+
g2
2
∑
ab
∫
C
dτ1dτ2dτ3dτ4 σ−(τ1, τ2)σ−(τ3, τ4) [−Gab(τ1, τ3)Gab(τ2, τ4) +Gab(τ1, τ4)Gab(τ2, τ3)] (C.18c)
=− In,0 −∆In, (C.18d)
where ∆In is a highly non-local deformation on the original bi-local action In,0. Relation (C.16) leads to the twisted
boundary conditions in the path integral
ψja(β) = ψ
j
a+1(0
−), ψjn−1(β) = −ψj0(0−) for a = 0, 1, ..., n− 2, (C.19a)
Gab(β, τ) = G(a+1)b(0
−, τ), G(n−1)b(β, τ) = −G0b(0−, τ) for a = 0, 1, ..., n− 2, ∀b, (C.19b)
Gab(τ, β) = Ga(b+1)(τ, 0
−), Ga(n−1)(τ, β) = Ga0(τ, 0−) for b = 0, 1, ..., n− 2, ∀a. (C.19c)
Similar conditions arise in Refs. [45, 55]. Similar to Eq. (6.21), we introduce a global fermion ψj(τ) and global bi-local
fields G(τ1, τ2),Σ(τ1, τ2) by
ψja(τ) = ψ
j(aβ + τ), Gab(τ1, τ2) = G(aβ + τ1, bβ + τ2), Σab(τ1, τ2) = Σ(aβ + τ1, bβ + τ2). (C.20)
According to Eq. (C.19), these global fields are continuous in (0, nβ) and anti-periodic
ψj(nβ) = −ψj(0−), G(nβ, τ) = −G(0−, τ), G(τ, nβ) = −G(τ, 0−), Σ(nβ, τ) = −Σ(0−, τ), Σ(τ, nβ) = −Σ(τ, 0−).
(C.21)
Then we have
−In,0 =N
2
ln det(∂τ − Σ)− N
2
∫
Cn
dτ1dτ2
[
Σ(τ1, τ2)G(τ1, τ2)− J
2
q
G(τ1, τ2)
q
]
, (C.22a)
−∆In =g
2
2
∑
ab
∫
C
dτ1dτ2dτ3dτ4 σ−(τ1, τ2)σ−(τ3, τ4)
[−G(aβ + τ1, bβ + τ3)G(aβ + τ2, bβ + τ4) +G(aβ + τ1, bβ + τ4)G(aβ + τ2, bβ + τ3)] , (C.22b)
where Cn is the unfold time contour in Fig. 9 and the τ in
∫
Cn dτ goes from 0 to nβ. Eq. (C.22a) is just the action
of the SYK model at inversed temperature nβ, with the saddle point solution and effective action in the same forms
when βJ  1. Considering the reparameterization modes in Eq. (C.22a) will leads to Schwarzian derivative as the
case of JT gravity in Eq. (6.13). If we integrate out the four times in Eq. (C.22b), expand the product into eight
terms and sort the time ordering of fermions, we will find that the deformation ∆I in SYK model is different from
Eq. (6.20) in JT gravity, where some terms have inversed signs. Perturbation theory (6.16) at O(g2) is applicable at
large N limit. The kernel Yn(t, t
′) is consisted of four points functions
∑
jk
〈
ψjψjψkψk
〉
and
∑
jk
〈
ψjψkψjψk
〉
, which
is controlled by effective action (C.4) as well. So, at early time, we will apply the four points functions 〈V VWW 〉
and 〈VWVW 〉 from JT gravity but take care of their signs when evaluating Yn(t, t′). The parameters of the SYK
model and JT gravity can be related by using relation (C.5). The configuration of kernel Yn(t, t
′) at early time is
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FIG. 19. A part of Yn(t, t
′) for an initial TFD state in the two sites SYK model. There parameters are n = 2, 3, 4, g = 1, β =
2pi, ∆ = 1/6, C = 105,  = 0.2 and λ = 1, which can be translated into the parameters of the SYK model q, J,N according to
relation (C.5). The rest part of the configuration can be recovered by using the symmetry (6.24).
shown in Fig. 19. Kernel Yn(t, t
′) exponentially increase at early time chaos region A (t ∼ t′), contributed by the first
term in Eq. (C.22b). Kernel Yn(t, t
′) exponentially decrease at early time chaos region B (t ∼ −t′), contributed by
the second term in Eq. (C.22b). Its decrease agrees with the fact that the anomalous heat flow in the SYK model is
also contributed by the second term in Eq. (C.13).
For an initial product state of the two sites SYK model, we calculate the entropy changes in the way of Appendix
B and obtain
e(1−n)Sn,R =Tr
(ρ⊗ ρ)⊗nTC exp
−i∑
a,jk
∫
C
dτ1dτ2 σ(τ1, τ2)gjkψ
j
L,a(τ1)ψ
k
R,a(τ2)
 (I⊗Xn)
 (C.23a)
=
∫ ∏
γ,a,j
Dψjγ,a exp (−In,0 −∆In) , (C.23b)
with boundary conditions ψL,a(β) = −ψL,a(0−) for (a = 0, 1, ..., n− 1), ψR,a(β) = ψR,a+1(0−) for (a = 0, 1, ..., n− 2)
and ψR,n−1(β) = −ψR,0(0−). We can transform In,0 into the effective action (B.9) and transform
−∆In
=− i
∑
a,jk
∫
C
dτ1dτ2 σ(τ1, τ2)gjkψ
j
L,a(τ1)ψ
k
R,a(τ2) (C.24)
=− g
2
2N2
∑
ab,jk
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)
[
ψjL,a(τ1)ψ
k
R,a(τ2)ψ
j
L,b(τ3)ψ
k
R,b(τ4) + ψ
j
L,a(τ1)ψ
k
R,a(τ2)ψ
k
L,b(τ3)ψ
j
R,b(τ4)
]
(C.25)
=
g2
2
∑
a
∫
C
dτ1dτ2dτ3dτ4 σ(τ1, τ2)σ(τ3, τ4)GL,aa(τ1, τ2)GR,aa(τ2, τ4). (C.26)
The final result is the same as deformation (B.10) in JT gravity. So the energy-entropy inequalities (2.2) are the
saturated as well.
3. Large q limit and UV sensitive region
In the main part of this paper, we only use the correlators with nearly conformal symmetry, which is only valid in
the IR. Due to the lack of the UV part of the boundary theory which is dual to JT gravity in the bulk, we are unable
to give a detail description on the change in energy and entropy in the UV sensitive region. Thanks to the fact that
the UV fixed point of the SYK model is known as free fermions, we can calculate the UV behaviors. Here, we will
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FIG. 20. Yn(t, t
′) as a function of t− t′ and ∆Sn as a function of tf − ti for an initial product state in the two sites SYK model
at large q limit, where n = 1, 2, 3, 4, g = 1, β = 2pi, J = 30, q = 24 and λ = 2. Solid (Dashed) lines correspond to system L
(R).
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FIG. 21. Yn(t, t
′) as a function of t− t′ and ∆Sn as a function of tf for an initial TFD state in the two sites SYK model, where
n = 2, 3, 4, g = 1, β = 2pi, J = 30, q = 24, λ = 2 and ti = −3pi.
consider the large q limit. The Euclidean Green function with 1/q expansion is [43]
G(τ) =
1
2
sgn(τ)
1 + 2
q
ln
cos piν(β)2
cos
[
piν(β)
(
1
2 − |τ |β
)] + · · ·
 , (C.27)
where the logarithm is required to be of order 1 and ν(β) is determined by
βJ = piν(β)
cos piν(β)2
. (C.28)
In (C.27), the second term, as a correction, should be smaller than the first term. So we should keep the real time
small and focus on UV sensitive region. Then we can assume that four points functions are factorized into the product
of two points functions. We turn on the interaction (C.11) at time ti and calculate the changes in energy and entropy
at time tf .
For an initial product state in the two sides SYK model, we use the method of Section B. The energy-entropy
inequalities (2.2) are saturated. We illustrate the entropy change in Fig. 20. The kernels of both entropies and
energies are positive within the period where approximation (C.27) is valid. When λ = 1, the increase in energy
agrees with the fact that the product of thermal states is a passive state; the increase in entropy agrees with the fact
that interaction increases entanglement for an initial product state. When λ > 1, as shown in Fig. 20, we find that the
entropies obtained in the way of the large q limit increase as well. It agrees with the behaviors of the Renyi entropy
in the UV sensitive region obtained in the way of UV regularization in Fig. 18.
For an initial TFD state in the two sides SYK model, we use Eqs. (C.13)(C.22)(6.23) to calculate the changes in
energy and entropy. The energy changes are the same as the case of product state because of the factorization of four
points functions. While the entropy changes are different because of the initial entanglement. So the energy-entropy
inequalities (2.2) may not be saturated any more. We illustrate the result in Fig. 21.
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Appendix D: Classical model
We will try to discuss the phenomenon analogous to anomalous heat flow in the classical model of [36]. Consider a
local Hamiltonian
H({xi} , {pi}) = 1
2
N∑
i
p2i +
N∑
a
 N∑
ij
xiJaijxj
2 , (D.1)
where Jaij is random coupling satisfying
〈
J2aij
〉
= N−1. Such model is non-integrable and expected to exhibit classical
chaos.
Consider two copies of phase space
(
xLi , p
L
i
)
and
(
xRi , p
R
i
)
where i = 1, 2, ..., N and their total Hamiltonian
H0 = HL +HR = H(
{
xLi
}
,
{
pLi
}
) + λH(
{
xRi
}
,
{
pRi
}
). (D.2)
Analogous to the TFD state, we prepare an ensemble at t = 0 each state of which satisfies
xLi = x
R
i , p
L
i = −pRi , (D.3)
and distributes according to Gibb distribution ρ({xi} , {pi}) ∼ e−βH({xi},{pi}). Each states evolved by H0 will satisfy
xLi (λt) = x
R
i (−t), pLi (λt) = −pRi (−t).
To trigger heat flow, at time ti, we turn on the interaction
HI =
∑
ij
xLi gijx
R
j , (D.4)
where gij is random coupling satisfying gij = −gji and 〈gijgkl〉 = N−2g2(δikδjl − δilδjk) for i 6= j, k 6= l.
Similarly, by using the classical interaction picture, we can estimate the energy change at time tf with second order
perturbation
∆EI =
∫ tf
ti
dt 〈〈{HI(tf ), HI(t)}〉〉 =
∫ tf
ti
dtKI(tf , t), (D.5a)
KI(t, t
′) = =
g2
N2
∑
i 6=j
〈〈{
xLi (t)x
R
j (λt), x
L
i (t
′)xRj (λt
′)
}〉〉− 〈〈{xLi (t)xRj (λt), xLj (t′)xRi (λt′)}〉〉 (D.5b)
=(KI(t,−t))ijij + (KI(t,−t))ijji, (D.5c)
whose form is the same as Eq. (5.5c). When t = −t′ and λ = 1, (KI(t,−t))ijji can be written as
(KI(t,−t))ijji = − g
2
2N2
∑
i6=j
〈〈{
xi(t)
2, xj(−t)2
}
P
〉〉
, (D.6)
which agrees with the classical limit (5.20).
